IL 


NUOVO CIMENTO 


ORGANO DELLA SOCIETÀ ITALIANA DI FISICA 


SOTTO GLI AUSPICI DEL CONSIGLIO NAZIONALE DELLE RICERCHE 


NVIOUAEXIVA EN Serie decima 1° Febbraio 1960 


How Much Do Wave Length Shifters 
Used for Cerenkov Counters Scintillate? 


G. FinoccHIARO, R. Finzi and L. MEZZETTI 
Istituto di Fisica dell Universita - Roma 
Istituto Nazionale di Fisica Nucleare - Sezione di Roma 


(ricevuto il 27 Maggio 1959) 


Summary. — The increase in light output of liquid Cerenkov counters 
obtained by addition of wave length shifting substances (as suggested 
by many authors) has been studied. It is shown that most of the observed 
increase is due to scintillation and not to actual wave length shifting. 
Crystalline sodium salycilate coating of the counter walls has also been 
used for the same purpose. Its average quantum efficiency is found to 
be relatively high but its practical use is limited by the fact that its 
reflectivity in the visible is lower than that of MgO. 


1. — Introduction. 


While constructing undirectional Cerenkov counters of different types, we 
got interested in wave length shifters. The task of a wave length shifter would 
be to absorb the Cerenkov light in the ultra-violet and to reemit it in the wave 
length region (3500 --5 500 A) in which the photomultiplier is sensitive. If, 
for example, it were possible to convert all the Cerenkov photons between 
2000 À and 3500 À into visible photons, the increase in the number of usable 
photons would be by a factor of about three. This technique would therefore 
improve, for example, the resolution of thin Cerenkov counters, a type whose 
applicability is essentially limited by poor photomultiplier statistics. 

Several wave length shifting materials have been used or suggested for 
this purpose (*4). In particular it has been claimed that dissolution of small 
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quantities of beta methyl umbelliferone in water (*), and of POPOP in carbon 
tetrachloride (?), increases the Cerenkov light output by a factor of about two. 
Very recently, increases by factors as high as 4 have been reported, by using 
amino G acid (4). 

As many of these materials are also known to be weak scintillators, it is 
necessary to make sure that the observed increase in light is not due to scin- 
tillations. This is generally tested by measuring separately the light output 
obtained with particles well below the Cerenkow threshold and assuming scin- 
tillation light to be proportional to the energy loss. When, however, the energy 
of the particles is very low, possible saturation effects make the comparison 
not clear cut. 


2. — Experimental procedure and results. 


21. Wave length shifters in solution. — The method employed to ensure 
adequate separation of wave length shifting and scintillation was to prevent 
the ionizing particles from penetrating into the wave length shifting solution. 
To this purpose we constructed a Cerenkov light source, consisting of a small 
= 1.45. Mey > 


cell which contained a 20 millicurie **Sr beta source (E 


max 


Fig. Lid) Radioactive layer (Sr 89). 2) Water. 3) Quartz window. 4) Wave shifting 
solution. 5) Plexiglass (0.5 mm). 6) Diffusing layer (MgO). 7) Glass windows (Chance 
OW 1). 8) Shutter. 9) Photomultiplier (R.C.A. 6342). 10) Aluminium. 
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Row = 6 mm in H;0) covered with 6 mm of water and sealed with à thin 


quartz window. 


This Cerenkov light source was immersed in a vessel having white diffusing 
walls, filled with the liquid under study and viewed by a R.C.A. 6342 photo- 


multiplier (Fig. 1). The transmittance 
of the solutions used was checked by 
means of a quartz spectrophotometer 
(Fig. 2). 

We measured the photomultiplier 
anode current at different concentrations 
of the solute. To reduce background 
and ensure reproducibility of the measu- 
rements, the photomultiplier was se- 
lected for low dark current, its cathode 
was kept at ground potential and pro- 
vision was taken for changing the liquid 
without removing the anode high vol- 
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Fig. 2. — Transmittance of solutions. 


--- 0.03 g/l B methyl umbelliferone in 

H,0 measured against H,0. 

POPOP saturated in CCl, measured 
against CCl,: Cell length = I em. 


tage. With these precautions, the reproducibility of the measurements was 


better than + 2%. We then removed the quartz window, so that the f-rays 
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Fig. 3. — B-methyl umbelliferone in H,0. 
(a) Solution shielded from  -source. 
(b) Solution in contact with f-source. 


did penetrate the solution, and re- 
peated the measurement. 
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Fig. 4. - POPOP in CCl, (ec) Solution 
shielded from f source. (d) Solution in 
contact with B source. 


The results are given in Fig. 3 and 4. The measured currents have been 
normalized to zero concentration, to account for the somewhat different optics. 
We note that while the increase of light due to actual wave length shifting is 
rather low, (curves 4) and c)) the contribution from scintillations in the solu- 
tions (curve b) and d)) can certainly not be neglected. This is in contrast 
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with the observations of PoRTER (for beta methil umbelliferone in water) 
and of JoxEs et al. (for PopoP in COL) (5). 

We conclude therefore that the addition of the above solutes to a liquid 
Cerenkov counter will destroy not only the directional properties, but also the 
velocity dependence of its light intensity, including the characteristic threshold 


property. 


22. Wave length shifting by crystalline sodium salycilate. — Another material 
which has been extensively used as wave length shifter is crystalline sodium 
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Fig. 5. — Radioactive layer (Sr 89). 2) Water. 3) Quartz window. 4) Ultraviolet Filter 
(Chance OY 10). 5) Black point. 6) Diffusing layer. 7) Glass windows (Chance OW 1). 
8) Shutter. 9) Photomultiplier (R.C.A. 6342). 


(5) A more quantitative comparison is rather difficult, because of the different 
geometrical and optical arrangements, the different spectral response of the photo- 
multipliers used, and the different energy spectrum of the incident particles. The latter 
effect can be roughly corrected for using published data on the beta spectrum of 89Sr 
For a minimum ionizing particle traversing our vessel, for example, the increase in light 
output of a solution of beta methyl umbelliferone at optimum concentration e 
to pure water would be reduced to 47% (of this, 32% would be due to scintillation 
and the rest to actual wave length shifting). The difference between this ficure ni 
the 100% increase observed by Porter can probably be explained in ae of the 
remaining above mentioned experimental differences. Similar considerations hold for 
the case of carbon tetrachloride, where the geometrical differences are even more 
important, due to the strong selective absorption of the medium. | 
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salycilate (1). A quantum efficiency of about 50% has been reported (1). 
To test its practical efficiency in the case of Cerenkov radiation we used the 
arrangement shown in Fig. 5. By measuring the photomultiplier current as 
before, we compared the light diffused into the photo multiplier by a thick 
layer of sodium salycilate powder with that diffused by a thick layer of MgO. 
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Fig. 6. — —— Trasmittance of ultraviolet filter Chance OY 10 measured against air. 


—— — Spectral sensitivity of photomultiplier (S 11). 


The measurements were repeated after inserting an ultra-violet filter (chance 
OY10, see Fig. 6) above the Cerenkov light source, as shown. The results are 
given in the Table (a constant background of 4.3-10-® A has been already 
subtracted): 


Diffusing material Filter Current (10-9 A) 
A MgO No | 31.540.5 
B Sodium salycilate No | 35.54-0.5 
(0) Mg0 Yes 29.5 +0.4 
D Sodium salycilate Yes 23.5 +0.5 


The ratio D/C— 0.80 shows that the reflectance of sodium salycilate in 
the visible is smaller than that of MgO, whereas the relatively large ratio 
B/D=1.50 obtained with sodium salycilate (as compared with A/C = 1.07 for 


(6) G. DEJARDIN and R. SCHWEGLER: Rev. Optique, 13, 313 (1934). 

(7) F. S. JOHNSON, K. WATANABE and R. TousEer: Journ. Opt. Soc. Am., 41, 702 
(1951). 

(8) E. INN: Spectrochimica Acta, 2, 2 (1955). 

(9) K. WATANABE and E. INN: Journ. Opt. Soc. Am., 43, 33 (1953). 

(19) D. H. THURNAU: Journ. Opt. Soc. Am., 46, 246 (1956). 

(11) C. 0. MueLHOUSE: Nucleonics, 14 (4), 38 (1956). 
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MgO), indicates that wave length shifting from the ultra-violet into the visible 
actually occurs. The effective average quantum efficiency, if estimated over 
the range (2000 = 3500) A, turns out to be about 20%. For practical purposes, 
however, the gain is given by the ratio B/A, which is only 1.12. 


3. — Conclusions. 


a) The suggested addition of beta methyl umbelliferone to water and 
of PoPoP to carbon tetrachloride in order to improve the performance of Ce- 
renkov counters by wave length shifting, does not lead to a substantial increase 
of the Cerenkov light output. The increase observed is mainly due to scin- 
tillations which destroy the characteristic threshold property of a Cerenkov 
counter. We have not tested amino G acid (*), but we think that great care 
must be applied in evaluating the contribution of scintillation from a measu- 
rement of the light output obtained with very slow particles. 


b) Crystalline sodium salycilate has a greater efficiency in shifting Ce- 
renkov light from the ultra violet into the visible. Its practical use as a coating 
for the counters walls is limited, however, by the fact that its reflectance is 
inferior to that of MgO. 


RIASSUNTO 


Alcuni autori hanno suggerito l’impiego di convertitori di frequenza (wave shifters) 
in soluzione per aumentare la resa in luce di contatori di Cerenkov liquidi. Si dimostra 
che, almeno in due casi, l'aumento osservato in rendimento luminoso è dovuto in gran 
parte a scintillazione diretta della soluzione, piuttosto che ad effettiva conversione 
di frequenza della luce di Cerenkov. È stato studiato anche il rendimento di con- 
versione di uno strato di salicilato di sodio in polvere, opportunamente depositato 
sulle pareti del contenitore: il rendimento quantistico medio per la regione ultravioletta 
vicina dello spettro di Cerenkov risulta relativamente elevato, ma il guadagno prati- 
camente ottenibile è limitato dal fatto che il potere riflettente del salicilato di sodio 
nel visibile è inferiore a quello dell’ossido di magnesio. 
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Summary. — A general theory of isotope shift in heavy atoms taking 
into account the nuclear specific effects as well as those due to electronic 
shells is given. Only the « odd staggering » effect is not considered owing 
to the particular choosing of nuclei (even-even). The problem is resolved 
rigorously under the assumption that the proton distribution in nuclei 
is that of Fermi. For the computation of compressibility the model of 
Wilets with some modification is used. The discussion of results for a 
wide range of mass numbers—including the high nuclear deformation 
region—leads to the need of Johnson-Teller effect and to a value for 
compressibility of about 77 MeV. 


1. — Introduction. 


The correct solving of the isotope shift problem in atomic spectra encounters 
the essential difficulty of obtaining the Darwin-Gordon differential system 
solutions for a realistic charge distribution—this is practically impossible. In 
this work we show that this problem is not a necessary one, because it can 
be exactly reduced to the equivalent case of a homogenous charged nucleus. 
The solutions for this last case were given by us elsewere (1). 

The corrections linked to electrons shielding from inner shells by the optical 
electron during the transition were estimated on the Crawford and Schawlow 
model (2) for a set of elements from Na to Fr. They allow us to make a 
suitable interpolation for other elements within the range. 


(1) N. J. Ionesco-PALLAS: Phys. Rev. (1959), submitted for publication. 
(2) M. F. Crawrorp and A. L. ScHawLow: Phys. Rev., 76, 1310 (1949). 
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For the region of high nuclear deformations which extends up to — Nes 126, 
the abnormal large isotope shifts are satisfactorily explained by the Wilets 
and Breit theory (*4). 

After some modifications of Wilets theory on nuclear compressibility, we 
tried to compute this amount using about 18 elements in the range of 
Z = 40 = 80, in both following hypotheses: 


a) equality between the nuclear radii due to charge and mass distri- 
butions; 


b) inequality between these radii. 


The last hypothesis leads to a value of about 77 MeV for the compressi- 
bility per nucleon which—ignoring the surface effects—seems to correspond 
to reality. The above value is in agreement with the theoretical calculations 
of FEENBERG (5), BRUCKNER (5) and WILETS (7). 


2. — Spherical incompressible nuclei. 


Let us suppose, firstiv, that we have succeded in reducing the problem of 
electromagnetic interaction of a real nucleus to an equivalent one in which 
the nucleus is homogenously charged. In this case, the Broch perturbation 
theory of boundary conditions can be applied in the following circumstances: 


a) The approximate Breit wave-functions for the electron outside the 
nucleus are used. 


b) The Fermi-Segré formula for the density of unrelativistie probability 
of electron is considered. 


c) Some approximations are made, suggested by the inequality x = 
= (2ZR/a,)<1. This leads to a formula which gives the isotope shifts due 
to an electron with k Dirae’s quantum number 


SE aa 20 TEEN 
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L. Witets, D. L. Hitt and K. W. Forp: Phys. Rev., 91, 1488 (1953). 
G. Breir: Rev. Mod. Phys., 30, 507 (1958). 
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K. A. BRUECKNER: Phys. Rev., 97, 1353 (1955). 
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where ¢,=— F(R)/aG(R) rest to be derived from the solutions of Darwin- 

Gordon differential system. In the particular case of a s, electron and in the 
2 

approximation — U(R)/m,e >1 we obtain 


7) 


(2.2) & = 2{1 + 0.106 233? + 0.016 649 at + 0.002 788 a5 + 0.000 47948 + ...}. 


a=; 0 = Vit —a?. 


Sommerfeld’s treatment of the problem leads just to the same result as 
those given in (2.1) (§). 

Let us admit also that the true charge distribution does not differ much 
from a constant one, in this case the (2.1) formula is modified so that only 
the € value is altered. 

Applying now the Breit perturbations theory (*), this gives in its turn 


A 1,210) 
he | Ze Wn 


2k(k — 0) 


so 20 IR 20-1 
Een QE nfo) ade, 


0 
where 


a= r/R; ! fle) = + U(r)/U(R). 


In the limiting case 9 +1 the formulae (2.1) and (2.3) must coincide 
with each other, and this fact gives us the general relationship between £ and 
charge distribution g(#) 

(co) 
Janda x) dx 
1 1 1 g(a) 


ae) gta ae 


(2.4) C0) 21k| 


For the states with a given & the use of (2.4) requires another relation 
which can be established by the same method of extreme correspondence, 


5 1 
(2.5) Cain Com t SI 


We now adopt as realistic charge distribution in nuclei the Fermi function 
for nucleons distribution, together with the assumption that between neutron 


(8) N. J. Ionesco-PaLLas: Prog. Theor. Phys., 21, no. 4 (1959). 
(9) G. Brerr and J. E. RosENTHAL: Phys. Rev., 41, 459 (1932). 
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i 1 id iffor 10 
and proton distributions there is no difference (1°) 
To 
a 
r— To 
a 


1+ exp 


(2.6) g(a) = g(0) 


1+exp|+ 


Here 7, is the inflexion radius, a=0.575-10-!*? cm and {3/42g(0)}* = p = 
—1121-10- em. The analytical form for ¢ can now be derived with help 
of the (2.6) distribution and of the mathematical identity 


(co) 


x dx vs peat ew q (1 dl | E(2) ans ul 
(2.7) ls [x —#] — (2g +1) 1 2(2q)! 2 D2u—1 (2q — 2u +1)! 
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LE 


+(2q)! Si Via exp [— uao] 7) (q integer), 


(here € is the Riemann’s function). Hence 


Feat: 3 (È Ne 
(2.8) En) © sar |! — BELTS) n) 


[+7 1] (2 [k|+ (4) +... 


For the inflexion and mean square radii, we have 


70? a T° as 
2. Me $ A-}4 A-513 
(2.9) ro pA 3 p SI ps 
Do + LE ME ar 
(2.10) R= 5 (pat mr A-t ali Ate 


Introducing in (2.8) the two kinds of radii from (2.9) and (2.10) we obtain 
for ¢€_,(0) a value of È which means that the problem of reduction to an equi- 
valent case discussed above is exactly possible if we choose as nuclear radius 
the mean square radius. We shall show further that this condition is not a 
restrictive one. 

Let us, therefore, compute the « energetic radius » of a heavy nucleus by 
mean of formula 


(2.11) ne] [Mara 22e, 


(Tr) (z') 


(*°) L. R. B. ELTON: Rev. Mod. Phys., 30, 557 (1958), 
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where g(r) is the proton density linked to the nucleon density by the rela- 
tion g,(r)-=(Z/A)g,(r) and g,(r) is given by (2.6). Taking into account the 
spherical symetry of nucleus, we obtain 


where x, = p/a. Hence 


2 
(0.12) Ri pdit oat DA44 WE ace 
) 


The reduction of the problem to the equivalent case of a homogeneous 
nucleus is also consistent with the energetic definition of radius. 


3. — The compressibility of heavy nuclei. 


If we perform the derivative of (2.1) with respect to the nuclear radius R 
we obtain a proportionality between relative isotope shifts and 6R/R. If mo- 
reover we use the } power law for radius 


(3.1) Rond, 


with 7, 1.216:10-1% cm as resulting from Weizsäcker mass formula we have 
a proportionality between the mentioned quantity and dA/A. This is the case 
of hard nuclei--the lack of elasticity being due to the neglect of Coulombian 
interactions. In reality, the variations of nuclear radius for the addition of 
one neutron or one proton are different. Therefore we shall write 


$9 oR 3A/0R\ SA 
e) 1 3A 

For the calculation of partial derivative in (3.2) we consider the radius expres- 
sion as resulting from Feenberg theory (5) 


(3.3) R = R,(N, Z) ! = 


where £,, is the Coulombian energy of an incompressible nucleus 


3 e Z? 


(3.4) Bo TE 


a 
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"is the volume c ‘essibilit 
and H, is the volume compress y 
I r 
(3.5) Ey te gaa 


We stress that the 7, parameter which enters in the (3.1) and (3.4) formulae 
may be deduced from (2.10) or (2.12) by a least square method, 


2 
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Zo 0 
y ) SEE . 
(3.6) iy af 18 TT p max 
Such, a value of about 1.226-10-!* cm is obtained, in good agreement with 
~~ 238 (Uranium mass). 


ax 


that above, if we set A, 
We now admit that 
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Fig. 1. — Nuclear radii plotted versus Fig. 2. — Coulombian energy of nuclei 
mass number A. The circles represent the plotted as a function of charge number 
experimental data of HAHN et al. The Z. moc? is chosen as unity. The Fermi 


radii are measured in 10-13 em (fermis). 


mass distribution was used assuming a 
For the full line, r,— 1.216:10-13 em 


constant ratio between proton and neu- 
was assumed. tron densities. The circles are the 
experimental data of Hann et al. 
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which is natural for the most stable nuclei, defined by relation 
(3.8) Z, = A[1.983 + 0.015 45]. 


For them, the formulae (3.3) and (3.1) must coincide. We obtain in this way 
a complete analytical expression of nuclear radius. The using of this expres- 
sion leads to the following relationship of interest for us, 


| Loe 


ian i @ 


Z 
— | — D — — — —2 


At Eo — Ey. 

The reason for the derivation of this formula is in fact the same as in 
Wilets’ paper (7), but he did not succeed in giving an explicite form. More- 
over, those results are to some extent erroneous owing to the incorrect Cou- 
lombian energies. Recent measurements (1!) confirme the values adopted by 
us for both nuclear radii and Coulombian energies. 


4. — Screening of inner electrons during the transition. 


As resulting in Crawford and Schawlow theory, during the transition, the 
optical electron penetrates the inner shells and diminishes the nuclear charge 
for s, electrons. Our calculations made 
in the same circumstances as the men- | 

016 


tioned authors (the Thomas-Fermi sta- 
tistical model) for many elements of 
the periodic table such as alkalis, 
inert gases, Sn, Hg, Pb, lead to the 
following conclusions about the shield- | 
ing coefficient. CIC 


0.14} 


1) The screening increases with Go 
the nuclear charge Z, roughly as Z?. 


Fig. 3. — Screening of electrons from inner 
shells by valence electron during transition, 
versus charge number Z. The full circles are 004 + 
computed supposing a standard Thomas- 
Fermi model, the dark line represents a least 


squares fit with a polynomial expression. ee 
We stress the falls at charge number cor- 
ding to electronic closed shells. A 
responding to e L si a5 & e 
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2) Sudden jumps are observed when the electronic shells are thoroughly 
occupied. 

3) The shielding correction is sensitive only for heavy atoms and its 
order of magnitude is given by the last closed shell. The full line plotted in 
Fig. 3 represents the best fit by the least squares ajustments. 


The shielding corrections computed as above are to some extent over- 
estimated. 


5. — Deformed and excited nuclei. 


For the nuclei in the range of high deformations, another correction which 
should take into account the oblateness or the prolateness must be introduced 
as well. The numerical calculations which we have made for Sn, Sm, Eu and 
Gd based upon Kopferman, Wilets and Breit’s formula (12:34) 


(5.1) Pra À (20 + 3)A 8a? fi = (204 3)xA = 


Sel 


agree well wit the observed shifts. Here dx? is the contribution to whole iso- 
tope shift due to isometric nuclear deformation, and « is the deformation para- 
meter tied to intrinsic quadripole moment by the relation 


(5.2) Fu vu 


The intrinsec quadripole is in its turn linked to an observable moment by 
the well known relationship from strong coupling theory of A. Bonr (18) 


(5.3) Do 


In order to express dx? in terms of changes of other quantities tied more 
directly to nuclear structure, we also stress the formula 


(5.4) @ Lb-tht+i7 
Vi Sid Lr 


(2) P. Brix and H. KoPFERMANN: Zeits. f. Phys., 126, 344 (1949). 
(5) A. Bonr and B. R. MortELSON: Dan. Mat.-Fys. Medd., 30, no. 1 (1955). 
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Combining the equations (5.2), (5.3) and (5.4) we obtain 


Aree al) 
I ui 

From the ea. (5.5) we may readily draw the following interesting conclusion: 
sofar as SE, is positive the deformation variation must not lead to a spin 
change. This is obvious on the basis of weak change of mean square radius. 
The proper case is that ot Eu. Inversely, a sudden variation of spin must lead 
to a negative SH, but this is not customary without a state being excited. The 
only example of this kind was recently reported by MELISSINOS and DAVIS (14) 
who had found SE(*Hg — “Hg” (à 13) (Ae WEg(p 3)). We try 
below to explain this phenomenon on the basis of formula (5.5). Using the 
(5.4) relation between the quadripole momenta of 201He and !*°Hg nuclei and 
supposing that 1°7Hg(p 3) satisfy (3.1) we have (in barns) 


8 dr? 
(5.6) nei ue (1 + =| 


or, with the help of (5.5) 


; da? dala H+ DI 9 {( 3 | | 
~ of + 2 1 e—l li ~~ 


STO 2.02% (eae 
But (5.7) can be written also in the alternative form 
(5.8) af 0 (0.121 + 2.027(4,— 1)] 


which allows us to derive the a? for 17Hg(p,) in an exhausting way (we recall 
that this quantity cannot be evaluated directly, because of the indeterminacy 


which occurs) 


ee ees vee ae 
[0.121 + 2.027(u.—1)] 4.34-10-*f(He) - 


(5.9) dat 10s 


From the experimental value of ratio (5.1) we obtain finally 


SE, 


Sie 0.076 and f(u.) ~ 1.969 + 0.641. 


(14) A. MELISSINOS and S. P. Davis: The Dipole and Quadripole Momenta of Excited 
197Hg Nucleus, Mass. Inst. Tech. Depart. of Phys. and Research Labor. of Electronics 


(1959) (unpublished). 
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Now, the experimental value of #, was obtained from the analysis of hyper- 
fine structure data, (u,~ (1.5 + 0.3) barns. Introducing this quantity as argu- 
ment in f(u.) a second value of this function results 


f(u.) — 2.296 + 0.438 . 


This fall in good agreement with the previous value, confirming our hypo- 
theses. 


6. — The estimation of nuclear compressibility. 


We dispose of a number of about 18 nuclei (1°) from which we may try 
a systematization versus charge number Z. This is the most convenient for 
us (16). The conversion from A to Z scale of diverse expressions was made 
on the eq. (3.8). All the cases lie consequently under the line 3#,,,/SER~ 1 
Firstly, we have accepted equality between nucleon and proton distribution 
radii k,~R,, in which case the best fit with esperimental data is realized for 
K,~ 51 MeV. 

This value is very low. 


ea 
K~ 51 MeV | 
o8| | 
| 
L_19-?|_£oc 
as} HCO lf Li a 
dall 
a | 
02} 
0 e O 


Fig. 4. — The experimental data represent the ratio between experimental and theore- 
tical isotope shift constant, supposing the nuclei incompressible. The nuclei from left 
to right are Ru, Pd, Ag, Cd, In, Sn, Sm, Eu, Gd, Mb,eHiWeRe, OS HS ALI MP D: 
The data for Sn, Sm, Eu, Gd (full circles) were corrected with respect to deformability. 
Those for In and TI (also full circles) are obtained from h.f.s. anomalies. The two 
theoretical curves plotted versus charge number Z are computed supposing either no 

difference between proton and neutron distribution radii (K,— 51 MeV) or a con 

stant ratio (K,— 77 MeV). 


(!°) P. Brix and H. KoPFERMANN: Rev. Mod. Phys., 30, 517 (1958). 
(5) N. J. IonEsco-ParLas: Oompt. Rend. Acad. Sei. Paris, 12 Jan. 1959. 
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Therefore, we were obliged to admit the Johnson-Teller effect and the 
inequality R,<R,. The theoretical data must be corrected by the factor 


_ (1.089\22 
ee) cu fens 


This correction increases the value of compressibility per nucleon A, to 
= 77 MeV (see Fig. 4). This last value seems to be plausible, being con- 
sistent with the theoretical estimations of FEENBERG (5), BRUCKNER (°) and 
WILETS (7). A set of evaluations gives, on the other hand, much higher values (1715), 
the theoretical results, being very sensitive to thickness variations of nuclear 
surface. 

We believe that the value estimated by us approximates well the order 
of magnitude of the X, coefficient, because the ignoring of surface effects in for- 
mula (3.9) changes the results in an opposite sense to that given by overesti- 
mation ol inner electrons screening. 


(17) R. A. Bere and L. Wicets: Phys. Rev., 101, 201 (1956). 
(18) K. A. BRUECKNER and J. L. Gamer: Phys. Rev., 105, 1€79 (1957). 


Ee AS Ss) UNE Ore) 


Si espone una teoria generale dello spostamento degli isotopi in atomi pesanti 
tenendo conto degli effetti nucleari specifici e di quelli dovuti agli strati elettronici. 
Solo l’effetto di «spostamento dispari» non viene considerato data la particolare scelta 
dei nuclei (pari-pari). Il problema viene risolto in maniera rigorosa con la supposizione 
che la distribuzione dei protoni nei nuclei sia quella di Fermi. Per il calcolo della 
compressibilità si usa il modello di Wilets con qualche modifica. La discussione dei 
risultati per un largo campo di numeri di massa — compresa la zona di grande defor- 
mazione nucleare — dimostra la necessità dell’effetto Johnson-Teller e porta ad un 
valore della compressibilità di circa 77 MeV. 


(*) Traduzione a cura della Redazione. 


22 - Il Nuovo Cimento. 
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A Class of Simple Field Theories 
and von Neumann’s Infinite Direct Product Spaces (*). 
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School of Physics, University of Minnesota - Minneapolis, Minn. 
Department of Physics, Syracuse University - Syracuse, N.Y. 


(ricevuto il 30 Giugno 1959) 


Summary. — The fixed scalar Boson field is reanalyzed in an attempt 
to clarify certain issues raised by Van Hove and Miyatake regarding 
the orthogonality of certain Hilbert spaces. The discussion is genera- 
lized to include a more general class of models of which the scalar boson 
field is a special case. 


1. — Introduction. 


In quantum field theory one is generally faced with the consideration of 
an infinite number of commuting (or anti-commuting) operators. This leads 
to the problem of handling vector spaces which are constructed from the direct 
product of an infinite number of Hilbert spaces. A mathematical theory for 
handling such a problem has been developed by von NEUMAN (!). Several 
simple problems have been related to von Neuman’s theory. In particular, 
much attention has been devoted to the scalar boson field in scalar interaction 
with an infinitely heavy point source by VAN Hove (2), MIYATAKE (*) and more 
recently by ALBERTONI and Durmio (*. However, some of the conclusions 


() Supported in part by the United States Atomic Energy Commission. 

(”) Now at Department of Physics, Syracuse University, Syracuse, New York. 

(1) J. von Neumann: Compositio Matematica, 6, 1 (1938). 

(2) L. Van Hove: Acad. Roy. de Belgique, Bulletin, 37, 1055 (1951); Physica, 18, 
145 (1952). 

(?) O. MivaTAKE: Journ. Inst. of Polytechnics, Math. Series, 2, 89 (1951); 3, 145 
(1952). 

(4) S. ALBERTONI and F. Durmro: Nuovo Cimento, 6, 1193 (1957). 
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reached by VAN Hove and MIvATAKE can be confusing because their consi- 
deration of the questions of orthogonality and normalization is incomplete in 
a sense to be described. The situation is further complicated by the fact that 
the interaction Hamiltonian used by the above authors has at best only a 
symbolic significance. Moreover, since the numbers 0 and oo are easy to come 
by in field theory, one must exercise extreme care to distinguish whether or 
not they have a real or just a formal significance. 

In the present note we propose to rediscuss the scalar boson field problem 
in an attempt to clarify the issues raised by VAN Hove and MIvATAKE. We 
will also discuss a more general class of simple models of which the scalar boson 
field is a special case. 

Summaries of the pertinent results needed from von Neuman’s work can 
be found in references (3) and (4). As a convenience, however, we also present 
an outline of some of the essential ideas of von Neuman’s theory which will 
be called upon. 


2. — Some results from von Neumann’s theory. 


Suppose we consider an infinite set of Hilbert spaces (°). We construct a 
product space by forming infinite products of vectors from each of the spaces. 
We treat such products as formal products without regard to convergence. 
Denote these products by [] f,. We impose the reasonable requirement that 


(IT ta, IT 4) tar (fx Ja). Obviously, we have to worry about the conver- 
gence of DICA ano products. In particular, we have III jal Il |fa|. Clearly 


we must be careful to choose the f, with multiplicative ashi HE will not 
destroy the convergence of T] |fa]; even though |f,| < co, TI fa] may not 
converge. si # 

If [[|f.| converges then {fa} is called a © sequence. If in addition 


a 
> [If — 1| converges, then {f,} is called a C, sequence. Two (©, sequences 
x 
are considered equivalent if >| (fa, 9a) — 1| is convergent. Von NEUMAN has 
(0,4 


shown the above equivalency to be reflexive, symmetrie and transitive. Thus, 
mutually disjoint equivalence classes may be defined. Suppose J’ and J” are 
any two such disjoint equivalence classes. Then for all f,e /" and g,€ TE 
{{.3 fg} and it may be shown that (IT és À IT 95) = = 0. Note that the ortho- 


(5) Von Neuman’s theory includes both denumerable and non-denumerable infi- 
nities. Accordingly, he has generalized the notion of convergence of sums and products 
to take this into account. 
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gonality between J’ and J” does not require the orthogonality of f, and Gy. 
However, in case {f,' & {g,}, (TI FRI CREO ni i for 
some x. 5 s 

Von NEUMAN introduces a space of functionals based on C sequences and 
shows that this space is linear, metric and topologically complete. This space 
may be partitioned into mutually disjoint equivalence classes which thereby 
offer a subdivision into mutually orthogonal subspaces. Such subspaces are 
called incomplete direct product spaces. 

Suppose /'is an equivalence class and {/°t is a ©, sequence in J’ such that 
|f{|=1. Let fy, poy DE à c.n.0.8. (complete normalized orthogonal set) in the 
Hilbert space #,. (B(x) = 0,1, 2, … and f, ,=/f,). The set of functionals 
formed by infinite products of the form [] ge Will form a c.n.0.8. for the 


IDP; /' (incomplete direct product space associated with /’) whenever only 
a finite number of the f(x) in each infinite product is different from zero. 
The class of sets B(x) in each infinite product where only a finite number of 
the f(x) #0 will be denoted by F. 

Denote by T]J}, a? those infinite products where only a finite number 


of the f(x) 40. Let ® be any functional in the IDP; J. There is a one to 


one correspondence between ® and (2, INC po) such that ÿ (9, tie "eh k 
% BOEr a 
converges and for any two functionals ® and Y in IDP; I, 


(®, 7) = > (D, EEE ILE fa. Bt) . 


Bio) Cr 


Moreover, the IDP; /' is linear, metric and topologically complete. 


3. — Scalar boson field. 


3 1. — The essential features of the problem are retained if we consider only 
one nucleon and assume it to be and infinitely heavy point source. Following 
VAN Hove (?), the Hamiltonian is written as 


(1) H= He = gH, ’ 
where 
if 
(2) Hi= 3 [a (re? + (Vo)? + wep?) , 
and 
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B is the Dirac f matrix and x, is the position of the source. Upon taking 
Fourier transforms we get 


ik 


(4) DAT >> Ta (a, exp [ik-x] + af exp [—ik-x)) , 
where w= V/2+ k?, 
(5) LR oe i > Vo (a, exp [ik-a] — a exp |[—ik-x]) , 
(6) [Mes az | = Ones 
(7) H, = > o(ata +3) 
k 
and 
(8) A, = p Ste (a exp [ik-x,] + ai exp [—ik-x,]) . 
T V2 = 1/@ \ 8 le 8 
Let 
gp 
Ve = ns: exp |—th vel — tr 008, 
where 
(9) = gp cos k-x,; Ch sati sin k-x, 
Vo? VV wo? 
The Hamiltonian may then be written as 
(10) HE oo, & o da 
= - RAT 9 - Vo? 9 
where 
(11) Oy = Ay + — > Vk 
We may go over to the harmonic oscillator form by introducing the Hermitean 
operators 
—i 
(12) Of Di (ax + di ie Pr = V2 (dr a, ) 9 


which satisfy the canonical commutation rules 


(13) [Pr dr] FR Sn Wren . 


n 
cn 
ce 
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This yields 


il Ih ap il 
(14) H=5 > Ole + oe) + (a+) ls pi 
For each k we introduce a Schrédinger representation where px = — 1(0/¢qz) 
so that 


Xx = t (ge Tx) A i in) . 
k 12 (à Fe Ode Ì 


The normalized eigenfunctions for each k will then be normalized Hermite 
functions. We have 


Il 
where 
il E 
(16) Pode) = (m4 exp [— 10:4q:] exp [— 4(qx + w)°], 
and 
(17) Xe Pode) = 0 


The orthonormal eigenfunctions of H will then be given by 


(18) D({n,}) = Il Pnx(dx) - 


The eigenfunctions of H, are also given by (18) after setting 7, = 6x = 0. 
Denote these eigenfunctions by ®,({n,}). Suppose we consider those states 


P and ®, where > n,< co and form the inner product (®, ®,). Since 
k 


> m< co for both ® and @,, it is obvious that 
k 
(19) (D({n,}), ®({n.t)) = const (D(0), P,(0)), 


where ®(0) and ®,(0) are the vacuum states for H and H, respectively. Sub- 
stituting (16) into D(0) and (1/7*) exp [— 4q?] into D,(0), we get 


1 5 
(20) (D( ({n}), D (Lu) = const II exp + (o2 + 72)| exp SE: = 
= =F il 10; ae 
= const [ [ exp = | exp = 
x 4 Vo? 
ez al Were 
= const ex 
Ò 2 (£ Fat) Zan 
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Since (g2/4V) Y 1/0? is divergent, VAN Hove and MIvATAKE conclude that 
k 


(®, D,) — 0 and hence the eigenstates of H are all orthogonal to the eigen- 

states of H,. As we shall now show, consisteney indicates that in calculating 

Op Akos (g2/4)(1/V@8)] should be treated as a formal product rather 
k 


than a numerical product; if it is treated as a numerical product, then consi- 

stency indicates that one should set @=@,—0 because in the representa- 

tions used, each ® and ©, contains as a factor, the infinite product of nor- 

malization factors, each one of which is less than unity. For example, both 

@(0) and P,(0) contain II 1/(2)} as normalization factors; in a similar fashion 
k 


esi (g2/4)(1/V@8)] plays the role of a normalization factor of a vector in 
k 


a particular representation of a complete, non-separable Hilbert space. 

Let # denote the above mentioned non-separable Hilbert space. We 
define # as follows. Let I denote an infinite index set. With each keI we 
associate the same Hilbert space À so that the product space will be based 
on infinitely many copies of h. Let h be the separable Hilbert space spanned 
by the orthonormal eigenfunctions of a number operator A; A,. Denote 
these eigenfunctions by g,,. There is a one to one correspondence between the 


products TI y, and the sequences {mi}, n, à non-negative integer and kel. 
k EI 
Let #’ denote the space determined by all linear combinations of TI @»,- 
kREI 
Then # will correspond to the complete direct product space (*) determined by 


all convergent sequences of elements in W' (6). The non-separability of KH 
is due to the fact that the entire set of sequences formed from the elements 
in #' involve the entire non-denumerable set of {mx}. 


The TT 9,, are examples of von Neuman’s © sequences. It is obvious 
kEI 
that those TI n, where {n,} differs from {n,}{ only in a finite number of 
k EI 
the n,, the corresponding product vectors are inequivalent (and orthogonal) 


in von Neuman’s sense. Therefore, the inequivalent, orthogonal, incomplete 

direct product spaces of # will be those corresponding to those classes of 

sequences {mx} where only a finite number of the n, are different from each 

other. However, it should be noted that the operators Y Az A, and YoAizAx 
k k 


are defined only in the subspace corresponding to > n, < co, whereas the 
k 
operators A; and A; are defined everywhere as long as ny < co. 


(6) It should be noted that in defining HH, we shall admit «ideal » funetionals in 
the sense of Friedrichs. (See p. 155 of K. Friepricus: Mathematical Aspects of the” 
Quantum Theory of Fields, New York 1953). Such functionals depend on the 
complete non-denumerable set of sequences {ny}. 


a 
n 
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Now the sets of functions ®,({n,}) and @({n,}) each determine a repre- 
sentation of #. Let #, denote the representation determined by the former 
and #, the representation determined by the latter. It is well known that 
H, and #, are connected by a formal unitary transformation (7). In the 
momentum representation this transformation is given by 


il 
Ton) = exp | 75 X inn pas). 
4% 
(21) ; È o 
== (53:99) zl i exp ia > Vr Ar exp V2 Dv Ur, 
k LINEE 


Using the first form of 7, easily verifies that a,= Ta,T*, HUE 
AND seg Op = TS aj dy) T+. Using the second form of 7 one verifies by formal 
k k 


power series expansion that O({n,}) = TD,({m,}) (°). Note that [] exp [— 4] ye /7] 
k 


will be a coefficient of each term in the power series expansion. Now the above 

expansion is an expansion in the Hilbert vector space corresponding to #,. 

The norm is then determined by the infinite series of the squared magnitudes 

of the expansion coefficients. The product [] exp [— g?/4Vw?] must then be 
k 


retained and treated formally in the expansion so that when the norm is formed, 
the series will converge to unity. This is entirely analogous to treating TT 1/(x)* 
k 


as a formal product when one normalizes in the Hilbert functional space. 
As an example consider 


il S 1 
(22) II == EXP [— 104] exp “i (Gx + Tr)? | = 
% (x): L A 
i 1 ne ys al 
= exp EU 2 lvl D ae GX a) IT Ps (dx) 5 


with 


(D, ({nx}), P(0)) = const [ [ exp [— 4]y, |?1]. 


It is easily verified that JD}? 4g = >.|(®,, D(0))]}=1. Therefore, if one 


(7) l'or a thorough study of this transformation see Sect. 14 of K. FRIEDRICHS, 
loc. cit. The term formal is used above to emphasize the fact that the unitarity depends 
on treating [| exp [—g?/4V*] as a formal product. 

k 


14 In using TV), we will not worry about taking care of the extra infinite constant 
which appears in the interaction Hamiltonian. If desired, the original interaction 
Hamiltonian (eq. 8) could be redefined with the infinite c number term in it. 
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treats TTexp[-}]|yx|} as a numerical product rather than as a formal nor- 
k 
malizing factor, consistency indicates that TI 1/ (1)? also be treated as a nume- 


k 
rical product. But this amounts to saying that ® = D,=0. 

The above situation always arises when one forms a direct product space 
from infinitely many copies of a single Hilbert space because each vector 
carries with it a normalizing factor determined by the norm in the Hilbert 
space. However, if one only requires that ® and ®, be normalizable with 
respect to some measure, then one should treat the infinite product of nor- 
malizing factors as à formal product until norms or probability distributions 
are calculated. 

The situation which we have just described is rather remarkable for the 
following reason. We have seen how T(y;) can be given a meaning in the 
complete non-separable space # such that the states D({n,)} are related to 
the states ®,({n,}) by a unitary transformation. Nevertheless, the two states 
are orthogonal according to ven Neuman’s theory. To show this one may 
directly apply von Neuman’s convergence criteria; note that von Neuman’s 
criteria cover both the case when k is a discrete as well as a continuous variable. 


One first shows the divergence of > |exp[— $|7x|?] exp li(oxtx/2)} —1|. This 
k 


establishes that D({n,}) and ®,({m.}) are associated with inequivalent © 
sequences. The conditions of von Neuman’s orthogonality theorem will then 
be satisfied and one conclude that D({ nt) and D,({n,}) are orthogonal. 

It is important to note that if k is a continuous variable, then (apart from 
the usual problems with commutation and other relations) the above ortho- 
gonality holds no matter what one has for y,. This is because > fe con- 

k 


verges if and only if f, #0 only for a finite or enumerably infinite number 
of k. The preceding remark illustrates the significance of formulating the 
present and similar discussions with k as a discrete variable. 

As WIGHTMAN and SCHWEBER (*) have pointed out, the inequivalence of 
the domains of H and H, is related to the inequivalence of the representation 
of the commutation relations by the operators % = ax+ (k/V2) and a,: The 
representation by the operators «, corresponds to what they have called a 
continuous representation. We may gain further insight into the underlying 
causes of the above inequivalence from the following approach. 

When the transformation T(y:) is applied, we have the choice of consi- 
dering the co-ordinate system to be transformed or else considering the trans- 
formation to produce new operators in the original co-ordinate system. From 
the former point of view we would consider the transformation 7, = TH, 
as producing a change of basis vectors. Then «,, H, and > aa, would be 


(9) A. S. WIGHTMAN and a S. ScHWEBER: Phys. Rev., 98, 812 (1955). 
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the images of a,, H, and Y a;a, respectively in the new co-ordinate system. 
Moreover, the transformation leaves the matrix elements of a, H, and 
Vaza, unchanged. However, the situation is not as simple from the latter 
point of view. As indicated above, H, and Y aza, are defined only in the 
subspace of #, corresponding to all {n,} such that > ni< co whereas T(yx) 
is defined over all #,. Therefore, the possibility exists that the transformation 
produces operators which are no longer defined in the subspace of #, cor- 
responding to > n,< co. In the present model, the above possibility is real- 
ized for H and Ya}a, because of the particular functional dependence of 
y, and w. 

The application of T(y,) to H, produces H,+gH, and H, is an undefineable 
operator (even in #) (2%), This is tied up with the fact that the exponent 
in T(y,) is undefineable and the only way in which we could give a meaning 
to T(y,) in # is to allow «ideal elements » in # (9). In fact, from the point 
of view of keeping the co-ordinate system fixed, all elements in A,= TH, 
are «ideal» elements. 

The significance cf these ideal elements may be better understood by con- 
sidering certain probabilities. Particles associated with H will be called phy- 
sical particles and those associated with H, will be called bare particles. 
Physical particle numbers will be primed and bare particle numbers unprimed. 
Consider the physical vacuum. Let P(n, 0) denote the probability of finding 
n bare particles after the system is in the physical vacuum state. From (22) 
we obtain the Poisson distribution 


(23) P(n, 0) = (1/n!)y" exp [—y], 


where y= 4) |y,|?. In a similar fashion, the form of (22) shows that if P(0, n') 
k 


is the probability of finding n’ physical particles after the system is in the bare 
vacuum state, then 


(24) PO Ve Bn) 


Upon calculating the expectation value (D(0), > a; a, D(0)) Sua Pad0) 
we get - 


(25) (D(0), S'afa,D(0)) = y. 


(19) By undefineable, we mean ||H;®||= co for all DEH. The above statement 
would be true even if one introduced nucleon creation and annihilation operators 
and wrote H, in the form | dxyyp. The main difference in the latter case is that 


the nucleon number operator appears in 7( ) and th i 
‘A's Vu) à e vacuum state is 
both H, and H. » ane 


342 


A CLASS OF SIMPLE FIELD THEORIES ETC. 343 


Since y is a divergent sum, one may Say that P(n, 0)= P(0,n)=0 for 
n, n'< co and P(n,0)= P(0,n)=1 for n, n'=co. This last result is an ex- 
pression of the respective myriotie character (11) of the physical particle field 
with respect to 7, and the bare particle field with respect to di, 

Tt is also indicative of the continuous nature of the representation of the com- 
mutation relations by the operators ax + yx (*!). 


312. — We will conclude our discussion of the scalar boson field with the 
discussion of certain transition probabilities. In the Heisenberg picture we 


have d,= i[H, ax] so that 


; i A 1 
(26) at) (a + a) exp [— iat] Gave: Va = i xD. tot | — V3 Vi è 
Following FRIEDRICHS (1°) we write 


(27) a,(t) = exp [— tot] la “ “5 va 7 a ved) |, 


where yz(t) = yx XP [iot]. Friedrichs’ adjusted operators are then defined from 


1 
(28) A,(t) = exp [twt]a,(t) = a 4 V2 (Ye y,(t)) . 


We work with the adjusted operators because we are interested in the 
transition (with the presence of the interaction Hamiltonian) from an eigen- 
state of H,(t) to an eigenstate of H,(t); this involves the transformation from 
a,(t,) to A,(t) rather than from a, exp [— io(t—t)] to ax(t). 

In view of the discussion in Section 31 to Eq. (21), we see from the form 
of Eq. (28) that A,()=Ta,T*, H,(t)= CHET 
where T= T(yx— yat) Thus E k 


(29) Mt) = > AA NE 7 > [vi — yi) ae + (eva ] + 


1 
+ 2 » [Ye — Vr(t) È ’ 


il So 1 
(30) Ha(r)= HA, + V5 > (00) [ (ve — vi (t)) Oe + (Ye — yx(t)) ax | + Gi > © | Yx— Yr(t) |? - 
LITE a 
(41) K. FRIEDRICHS: loc. cit., Sect. 14. 
(12) A similar discussion may be found in a paper by R. HAAG: Dan. Mat. Fys. 
Medd., 29, 12 (1954). 
(3) K. FRIEDRICHS: loc. cit., Sect. 15. 
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H,(t) in the Heisenberg picture is obtained by replacing a, in H, by a,(t) so that 


il : : 
31) H,(t) = = > olpt (ax + Ma] + 5X ovt ys (exp [iot]+ exp [—iot]—2). 
a k a 


Moreover, if ®, is an eigenstate of H,, then 
(32) D, (t) — Log vtt) Py 


is an eigenstate of H,(t). In the next section we will show that ®,(t) is a state 
in a picture where the time dependence of both state vectors and operators 
is determined by H,(t). 

If ®, is the vacuum state at ¢,, then it follows from Eq. (32) that the pro- 
bability that n(t) particles have been created in the time t— th, is given by 
the Poisson distribution, 


(33) P(n(t), 0) = (1/n!) yf exp [— y], 
where Va= ED | Ye — elt —ty) |. Simple calculation shows that 
k 


| oli) 
(34) = > pl (1 — cos w(t — t))=2 ZlnP e } 


k 


Now > |x|? cos w(t—t,) is convergent so y, diverges. Consequently, as 
k 
in Section 3'1, P(n(t), 0) =0 for finite n and <N(t))_ =Y:= 00. Neglecting 
the divergence of y,, however, it should be noted that since Lim > |y,|?- 
t-—ty—>o K 
“cos w(t —t)) = 0, then Lim <N(t)>,,,= >.|yx|}=2y, where y is as defined 
t—ty — © k 
below eq. (23). It is also interesting to note that even though Lim ®,(t). 
t-t, — © 
in eq. (32) may not exist, the asymptotic transition probabilities may exist 
This would be the case in the present situation if Y |y,/[?< oo. 
k 


The fact that Lim <M(t)>,,,=2y rather than y as in Section 3°1 will be 


t-t, > © 
discussed in the next section. For the present, we simply note that 
T (yn — yat) as well as T(y;) produces an «ideal» element in #, When ope- 
rating on a proper element of H#,. Furthermore, N{t), H,{f) and H,(t) are 
indefineable in #,. 


4. — A general class of simple models. 


41. — The scalar Boson field model which we have just discussed is a special 
case of a more general class which may be constructed in the following way. 
For specifieness, consider field operators in momentum space. Take any 
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number of Fermian or Boson fields and construct a free field Hamiltonian by 
forming the sum of the individual free field Hamiltonians. Form multilinear 
products of any number of the above field operators multiplied by arbitrary 
energy dependent factors. Take à linear combination of such products. Form 
the difference between the linear combination and its Hermitian conjugate. 
This difference is anti-Hermitian. Sum over all momentum variables con 
cerned. The sum is also anti-Hermitian so the exponential of the sum will 
be unitary (14). Denote the sum by S. Then the operator ef will transform 
the free field Hamiltonian, H,, into 


cei 
(35) H=eH,e"=H+ > IS, Ho, 


n=1 


where [S, Ho], is the usual n-th order commutator. We now define the inter- 
action Hamiltonian to be 


© 1 
(36) H,=> S18, Hd: 
En 


For the scalar Boson field, S is easily identified from eq. (21). In that 
model the infinite series of commutators cuts-off after »—2. As another 
simple illustrative example, consider the following S constructed from Lee 
model (15) operators. Let 


(37) Sn) = 9 À (VE WE Pete — VPP ete Pry) (Px EE — Po), 

Py Py k 
where P , P and k denote V-particle, N-particle and Boson momentum res- 
spectively, g is a coupling constant and y, is a e-number depending on some 
inverse power of © (the Boson energy) and the normalization volume V. 
As in the Lee model, the V and N particles will be Fermions, the Bosons will 
be called 6-particles. The operator 


(38) T (yx) = exp [S(ya)] 


will then be the unitary operator constructed according to the prescription 
given above. If 


(39) He m > vivo tm D Pry Pry + OMe Me 
Py Py k 


(14) Note that instead of using the difference between the linear combination and 
its Hermitian conjugate, we could have used the sum of the two multiplied by 4 — 1 
in order to form a unitary operator; but our purpose will be served by the prescription 


given above. 
(5) T. D. LEE: Phys. Rev., 95, 1329 (1954). 
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where m is the mass of both the V and N particles, then 


(40) H=e&H,e “=mY pr Pry + MY Pry Pry + > oaz;ase À, 
Py Py k 


since [az dy, [872] = vi Prys 5791 = — Laye 872) 1, where s(yx) is the sum- 
mand in S(y,). Furthermore, the operators N. a 2 Pre Peet Da a, and 


N,+N,=— vi pr, Yr, + à Pry Yry commute with H (because of the bor men- 
Px 


tioned ne with s(y,)) so that we have the same conservation laws 
encountered in the Lee model. 
The interaction Hamiltonian is 


(41) HR," D D LS, Holn 5 
where 


(42) h, = [S, Hy | = == > OY, PP Wed vi Wry YPy Ur) ONES ko 1) ’ 


Py Pyk 


will be recognized as essentially the Lee model interaction Hamiltonian. 

The vacuum state, the one N-particle state and the one 0-particle state 
are invariant under the application of 7(y,) so that they will be simultaneous 
eigenstates of both H and H,. However, all other states are transformed. 
For example, for the one V-particle state we have 


pe cael. 21 
(43) | exp [S]| Py) =|Pv> +2 Sw) Po = 


= cos 9A | Py — Du a 


(> %d(Px + E— Po) [Ps b>) , 


where 1 — Dire)? For the state with one N and one 0 particle we have 


k 


(cos gA — 1) 


(44) exp [S] [k, PF = \k, Px» Pe ds Vi vr * 
Py Ik’ 


sin ue 


O(Pxy + k — RS |k' 


278 à (Pat i By) Ras 


It is clear from egs. (43) and (44) that Just as with the scalar Boson field 
(and with the Lee model as well), convergence problems are associated with 
D|yx|°. Because of the above mentioned particle number conservation laws, 
k 


the transformation 7(y,) always leaves us in the subspaces of 7, corresponding 


Le] 
I 
aci 
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to a finite number of particles; but if Aco, it is seen from the cos gÀ 
term in eq. (43) that not all of the matrix elements of H and ef will be well 
defined in that subspace; although vectors transformed by es will still be 
normalizable in a formal sense. 


42. — The discussion which follows may to some extent be considered à: 
generalization of Friedrichs’ discussion of transition probabilities (7°). 

Consider a Heisenberg picture with the total Hamiltonian given by eq. (35). 
Then H is a constant of the motion and in general we may write 


48) H= exp [9()) Halt) exp [— 80] = al) + > + (80), Hill , 


ina n! 
where S(t) and H;(t) are the same functions of the field operators at t> 0 
or t- 0 as at t—0; however, the field operators must correspond to time ¢ 
and be solutions to the Heisenberg equations of motion. Let a,(t) (where k 
denotes momentum) be any one of the field operators which determines H,(t). 
Then eq. (45) implies that a,(t) is transformed by exp [S(t)] into 
(46) a(t) = exp [S(t)]ax(t) exp [— S(t)]- 
But if H is the total Hamiltonian then, 
(47) o,(t) = a, exp [ iwt] = exp [S]a, exp [— 8] exp [— dot], 


where «,, exp [S] and a; correspond to t = 0 and © is the energy associated. 
with the particular field evaluated for momentum È. 
From eqs. (46) and (47) we deduce that 


(48) o,(t) = exp [— S(t)] exp [S]ax exp [— 8] exp [S(t)] exp [— iwi] . 
It then follows equally from eq. (48) or eq. (45) that 
(49) H,(t) = exp [— S(t)] exp [S]H, exp [— S]exp [S(#)] , 


and 


CONI: : 
H(t) = exp [— S(t)] 2 [ S(t), exp [s]H, exp [— ST], exp [S(t)] = 


(50) = exp [— S(t)] DE (S(t), H], exp [S(t)] = 
(co) aL x Fy 
= i exp [— S(t)] > EDI [S(t), S(0)], exp [S()]. 


(6) K. O. Friedrichs: loc. cit., Sect. 15. 
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We will now show that state vectors and operators are transformed by 
U(t) = exp [— S(t)] exp [S] to a picture where the time dependence of both 
state vectors and operators is governed by H,(t), where H,(t) is the Heisen- 
berg picture interaction Hamiltonian. State vectors in A,, at t=0 are trans- 
formed into 


(51) D, = exp [— S(t)] exp [S]®, . 


From the last line of eq. (50) we then deduce that 
(52) SS = iH, (t) PD, . 


Operators defined in 7, at t=0 are transformed into 


(53) @, = exp [— S(t)] exp [S]®, exp [— S] exp [S(t)] . 
0D, Ae 1 N 1 Q à a 
ap EP [ SUD? (GLI [S(t), S(t)], exp [S1®, exp [— S] exp [S(t)] + 


© (—1} 
se D, 2 (n + Da 1)! [S(t), S(t) ]n : 


We again substitute from eq. (50) so that the first term on the right above 
becomes iH,(t) ®,. For the second term on the right we have 


< ( \! y I vi 

È (n + ID Lo) et) In id EE CS), A], 
Now 

exp [— S(t)]H exp [S(t)] = H+ D = EE 
so 
(54) sea [S(t), 8()], = —iH,(t 
SIANO ’ n = il z(t) , 

and 
oe OD, 
(55) = pia il H(t), D]. 


AE SRE dle Schrédinger equation, eq. (52), differs from that in the usual 
interaction picture in that i®,—— H,®, rather than id, =H D, 
30%: 
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Upon comparing eq. (51) with the iteration solution to eq. (52), we see that 


(56) U(t) = exp [— S(t) exp [S] = P exp fe) ar), 


0 


where P denotes the usual P ordering operator. We see from eq. (56) that if 
the iteration solution to eq. (52) exists, it will correspond to a unitary trans- 
formation from the state at t=0 to time t. 

There is a simple physical interpretation for U(t, tj). Let ® be an eigen- 
state of H, at t=t,. We see from eq. (51) that the eigenstates of H(t) are 
connected to ©, only by first transforming to Y%=exp[S]®,, where PTE 
an eigenstate of H. Therefore, we may think of U (t, to) as turning on the 
interaction on and leaving it on, thereby creating bare particles some of which 
clothe the physical particles. In the above sense, exp [S] may be thought of 
as generating a clothing transformation (7). The above result may also be 
expressed by noting that the bare particle number operator at time t is 


(57) N,(t) = exp [— S(t) exp [SIM exp [— 8] exp [S(t)] = 


(co) 3h n 
= exp [— S(t)]N exp [S()] = N+ > = : [S(t), Na, 


n=1 


where N is the physical particle number operator. We see immediately from 
eq. (57) that the bare particle expectation values of N,(t) will generally be 
different from those of N, but the physical particles are generally always pre- 
sent; part of the bare particles created after time t will generally always be 
clothing for physical particles. 

Sand S(t) are easily identified in the case of the scalar Boson field. The 
application of the preceding results to that case isimmediate. In particular, we 
see from the above remarks how to interpret the result that Lim <No(t, to) >sao = 
— 2y while END =? RS 

In general, since S(t) is a Heisenberg operator, we have S(t) — exp [iHt]: 
-s exp [— iHt], exp [S(t)] = exp [iHt] exp [S] exp [—7Ht] and 


(58) U(t) = exp [iHt] exp [— S] exp [— iHt] exp [4]. 
We see from Eq. (58) that the transitions we have been considering do not 


refer to scattering in the usual sense because U(0, —t) = U(0, t). The models 
under consideration describe essentially only creation and annihilation of par- 


(1?) O. W. GREENBERG and S$. S. SCHWEBER: Nuovo Oimento, 8, 378 (1958). 


23 - Il Nuovo Cimento. 
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ticles. However it may be noted that by cutting the infinite series of n-th 
order commutators in eq. (35) at finite n, one may sometimes obtain models 
which describe particle scattering. For example, if one retains only hp ID 
eq. (41), one is left with the Lee model Hamiltonian, which admits scattering 
state solutions. 


* % * 


It is a pleasure to thank Professor E. L. HILL and Professor D. R. 
YENNIE for helpful discussions. 


RIASSUNTO (*) 


Il campo fisso scalare bosonico è stato rianalizzato per tentare di chiarire alcuni 
punti segnalati da Van Hove e Miyatake riguardanti l’ortogonalità di certi spazi Hilber- 
tiani. La discussione viene generalizzata per includere una categoria più ampia di 
modelli, di cui il campo scalare bosonico è un caso particolare. 


(*) Traduzione a cura della Redazione. 
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Gravitational Radiation (*). 


y A. PERES 


Department of Physics, Israel Istitute of Technology - Haifa 


(ricevuto il 14 Ottobre 1959) 


Summary. — A method is established to solve the Finstein equations 
for a system of freely gravitating pole particles, by successive approxi- 
mations. It is shown how one can choose the solution that represents 
purely outgoing waves. It is then found that the fifth order correction 
to the acceleration involves a non-conservative term: energy is lost, 
by gravitational radiation, in an amount exactly equal to that predicted 
by the linearized theory. This can also be shown by directly computing 
the loss of mass of the system. We then turn to examine the validity 
of the linearized theory: it is shown that it cannot correctly describe 
the field at very large distances from the sources, but nevertheless it 
gives the right result for the radiated energy. 


1. — Introduction. 


Since the early years of the General Relativity Theory, it has been known 
that the linearized field equations have wavelike solutions, and that the cor- 
responding energy-momentum pseudotensor of the gravitational field has com- 
ponents representing an energy flux (1). This result, however, was treated 
with caution, since the field equations are really non-linear. Later, approx- 
imation methods were discovered, which took account of the non-linearity, 
and gave the equation of motion of particles. The situation then became quite 
chaotic. Some authors (74) claimed that there was no radiation reaction, 


*) Partly supported by the U.S. Air Force, through ARDC. 

L. LANDAv and E. Jarsuirz: The Classical Theory of Fields (Cambridge, 
Mass., 1951), p. 331. 

(8) Te Ise and A. E. ScHEIDEGGER: Can. Journ. Math., 3, 195 (1951), 

(3) A. E. ScHEIDEGGER: Phys. Rev., 82, 883 (1951); Rev. Mod. Phys., 25, 451 (1953). 
(GAL gen Ann. Phys., 6, 341 (1959). 
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others (55) found a gravitational damping—which agreed, but only qualita- 
tively, with the linearized theory—and still others (*) found a gravitational 
«antidamping », i.e. an energy gain! 

One of the main causes of this trouble doubtless was the complexity of the 
field equations: when extremely cumbersome expressions have to be handled, 
the physical meaning of the various terms becomes unclear. The first step 
toward the solution of this problem is therefore to develop an approximation 
technique which minimizes the computational labour, and thus also the risk 
of errors. The method that was recently developed by the author seems well 
fitted for this purpose. It needs, however, some modifications, as will be shown 
in Section 4. For the sake of completeness, let us briefly recall it. 


2. — Approximation procedure. 


One takes as field variables the contravariant densities g” and oneexpands 
them into a series (*) 


ae == gl + Ce gl + Er 
0 2 


where each term is by one order of magnitude smaller than the previous one. 
One choose quasi-Galilean co-ordinates (gf 7) subjected to the harmonic 
0 
SALE tt ; sae CE, i 
condition g“,= 0. The solution behaving as purely outgoing waves is then 
unique (°). 
The Einstein equations how read, in natural units: 


(1) Vigur_ GY = 16ng®” + O, 


a ins “Bvt , a fb 1 : 

where g = (— Det. g°)* and ©” is quadratic in (g“ — #7). When (1) is ex- 

panded into the various orders (in order to compute gf), ©” thus depends 
n 

a ET RE Peat 3 sea i 

only on gf, m<% and is a known quantity. The compatibility of (1) with 

the harmonic condition g“,—0 follows from the equations of motion (ip 

which are most conveniently written as (gT””), = 0, or 


(2) (GE), = GE" [Gay 9” p+ 40°" (49.6500 — Gap pa)e7 9] » 


+ nA pa =i 
where 9,,=9 9, 


(5) P. Havas: Phys. Rev., 108, 1351 (1957). 

(9) A. Trautman: Bull. Acad. Polon. Sc., 6, 627 (1958). 

(7) N. Hu: Proc. Roy. Irish Acad., A 51, 87 (1947). 

(8) A. PERES: Nuovo Cimento, 11, 644 (1959). 

(*) Greek indices run from 0 to 3, Latin indices from 1 to 3. 
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A rt: 
For pole particles, localized at E — é*(t), one takes (1) 


(3) gt” = > Medea, 


A 


where vo“ = dé/dt and M is a function of time. (We call M the « effective grav- 
itational mass ». It can be shown (1) that the «intrinsic mass » m, = Mq—'ds/dt 
is constant). The equations of motion then read 


(4) (Mv) = Mv (9,9! 6 + 39” (395900 — Sao p0)9° , 


where the bracket has to be computed at the position of the particle under 
consideration, and all the singular terms in it have to be neglected. 

AI that remains now to do is to solve (1) at the various orders, so as to 
get the gl” which appear in the right hand side of (4). For this purpose, it 
is convenient to write i 

gi De 8H, 
where 


(5) Vine —16gg®” 
is readily solved by the use of Liénard-Wiechert potentials, and 
(6) Vagur — de = D. 


One now has to choose the expansion parameter: the most suitable one 
would be the reciprocal velocity of light, but it has already been taken as 
unity. An equivalent choice is to assume that the velocities are small quan- 
tities of the first order. Accelerations and masses are therefore of the second 
order. As the only dependence of the field quantities on time is through the 
positions and velocities of the sources, it follows that a time derivative of à 
field quantity is by one order of magnitude smaller than a space derivative. 

One thus expands (1) 


(7) fe” = 4 Ss! SA da > Mob Re ee è: i SE Di Moto R2” 
A] (2n)! dé?" : (2n + 1)! dt2+1 2 


where ¢ is an arbitrary constant (for pure retarded potentials, e=— 1). Here 
R=J/RR* and PR: xt— €*. 


(11) W. TULOZYJEW: Bull. Acad. Polon. Sc., 5, 279 (1957). 
(12) A. Peres: Nuovo Cimento, 11, 617 (1959), 
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In this expression, we suppose that the co-ordinates & and velocities vf 
are known (initial conditions) and that the masses and accelerations have to 


be computed 


M=m+Mm+m+t.., 


DE — gh + ak 
1 


DS 


Note that m and a are small quantities of order (n4-2). 


3. — Non-radiative approximations. 


Let us now work step by step. The lowest order term in gl“ is 


go= h = 4 > (m/R), 
À 


Introducing this into (4) one gets the Newtonian approximation 


OM 
se 2 dr 


al = 


>. 
I 
© 


Next, one has g" — oa 0, and g*=h'* = 4 > (mv*/R), whence it follows 
3 3 i 


that there is no first order correction to the Newtonian approximation 
(m—a*—0) and that the second order correction to mass is (12) 


m = Emo? + 3m D' (m/R). 
Non-linear contributions to the field appear at the fourth order (12). One has 


mi 


ARR 
3 = > = 14 Di mms, 
A.B 


Re IL Okt 
ne 2 | (08 R) ia | MM (LOS — 4801), 
where 
lag 0 à A B 
S™' = —_ — log (R+E+D), 
OE dE! 
and 
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This has to be added to 


0k — 
ee 
mov! 
ESSE, É 
| TS 


From this, we can compute the second order correction to the accelera- 
tion a* which leads, in the two-body problem, to the perihelion advance (SE 


4. — Radiation field. 


The radiation field—i.e. that part of g“” which is proportional to e—ap- 
pears in the fifth order. (Terms proportional to e° appear only in the ninth 


Fr 


order, and we shall not have to deal with them). From (7), one has 


\ 4 mm see 

“°° == LE > È + 6 ci) ; 
pit de > m(vev?) . 

5 


As QRS Ou=0, one is tempted to write IM This is indeed 
what we have done in our previous paper (and what has also been done by 
other authors). As a matter of fact, the situation is not so simple; as clearly 
stated by SCHEIDEGGER (!), the problem is not to find non-conservative equa- 
tions of motion, but to show that these solutions indeed correspond to free 
particles, i.e. to purely outgoing waves. Unless this is proved, it may always 
be objected that the energy change of the system, or part of it, is due to the 
interaction with some external radiation field. 

The difficulty is essentially due to the non-linearity of the field equations : 
one cannot state that a given term, in the field, is due to a certain source, 
because the field does not depend linearly on the sources. There is therefore 
a danger of introducing into the solution some external field (pure radiation) 
that is not caused by the sources under consideration, but that influences 
their motion. 

Tn practice, the difficulty appears in the following way: at each stage of 
the approximation procedure, one has to solve a Poisson equation, and there 


(13) A. E. SCHEIDEGGER: Phys. Rev., 99, 1883 (1955). 
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is a considerable freedom of choice of solutions, each representing a possible 
motion and a gravitational field belonging thereto (!*). Only one of these 
solutions behaves at infinity as purely outgoing waves (?); the remaining ones 
contain also incoming waves. It is in general difficult to determine which 
solution is the correct one, because the n-th term of a series expansion in 
powers of (v/e) behaves in the wave zone as Rk”, and no boundary conditions 
for each stage of the procedure are known. 

As far as 9!” is concerned, the difficulty can be obviated by directly taking 
the expansion of the Liénard-Wiechert potentials, i.e. eq. (7). However, it 
is much more difficult to determine the radiative part of $“” (14). Some infor- 
mation can however be obtained by the following argument: 

A solution behaving at infinity like f(t — R/ec)/R has an expansion 
f(t)/R—f'(t)/e+.... It is therefore reasonable to stipulate that if a term such 
as f(t)/R occurs at some approximation stage, one must add — f‘(t) — or, 
more generally, ef'(t) at the next stage (15). (Note that this is a solution 
of the Laplace equation). In the case that f(t) is a constant, this vanishes, 
but two approximations higher there will be a term efR?/6. (Note that this 
also is solution of the Laplace equation.) For instance, he = 4 > (mo*v'/R) 
is followed by VE = 4e > mv), and he = 4S (m/R) is followed, in the third 
place (i.e. in pe) by 4e > mR?2/6. i 


Now it is easily shown that for large R 


Zoni — d+ D*'D'|D' 
où — ——— *_ 
2DR à 
so that 
A B 
300 + 14 D mm 
4 Re Dai 
and 
2 DED? 
ghi _ Ayr 4 2 + 
Ae Nespas LE 


We thus have 


and 


(14) I am indebted to Dr. D. W. Sctama for calling my attention to this point. 
(15) A. PERES: Nuovo Cimento, 13, 670 (1959) 


CRT 


ws 
Su 
I 
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Further one has (1?) 


OE 


=A) b+ ee 5 mi) È 


seg: VE Bet B 
3% 0 > m 18 Fi v'(log R), «| + 16 DEL mm (78 OSL ISU DIS), 


A,B 


At large distances, this last expression behaves as 


DE — DEL — 0 —v 


8 mm 34, 2,, 34, D'D'_ DD 
4 aa: Des 


which has to be added to 
hoe = de > Co + ma + di hey) . 


(It is easily verified that I Pata — 0 as it should be. The difficulties that 


previously arose Oo this “point were due to a different choice of the 
radiative fields in the two expressions.) 


5. — Lorentz-invariance. 


Tf it can be shown that the method developed in the previous sections is 
Lorentz-invariant, we can be assured that it gives the correct result because 
of Fock’s uniqueness theorem (°). 

We have supposed up to now that velocities were small quantities of the 
first order. This is equivalent to the assumption that the reciprocal velocity 
of light (which has been taken here as unity) is small of the first order. As 
the velocity ot light is Lorentz- invariant by definition, our approximation 
method should also be Lorentz-invariant. This has to be understood in the 
following way: 

Let us perform a Lorentz transformation 


‘n= gh — pe li pup i ie eae M a! 
xv x A 1— p A à DRE Vert 
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of all the quantities that appear in our equations. The velocity {* is an 
arbitrary constant, subject only to the limitation of being small of the first 
order. 

In general, q “ will now depend on all the 9"; m<n. We require Te to 
depend in the mame way on the transformed sources, as q'” on the original sources. 

This requirement may further limit the freedom of choice of solutions that 
still remains after the rules given in the previous section. In practice, it may 
be very difficult to apply it, because the R are not the spatial components 
of a four vector (they are defined for equal times of the source and field point). 
Their transformation law is therefore very complicated: it involves not only 
B* and v*, but also all higher time derivatives of vf. 

Fortunately, the rules of the previous section are sufficient to give un- 
ambiguous results up to the seventh order, and we shall have no need to test 
the Lorentz-invariance of our formulae. We shall take it for granted, because 
they seem to be the only reasonable solution of Lorentz-invariant equations. 


6. — Radiation reaction. 


We can already compute the fifth order radiative correction to the mass. 


From (4), one has m = MES — 29") o. It can be shown, however, that 
GS so that m — 0. 
5 5 


The fifth order radiative correction to the acceleration is given by (4), as 


00, 00 


=~ Fe, 1 «uk 1 LAxtA00 mEak 
di ‘Qui, ea ee i AE 
7 2 5 2 5 


5 


where g“=g"+ "". We thus still need q”“,. One has, from (7) 
A x 
vi Ae MICA, 
ho = de mM (mR) + Bi (mR4) + 2mvkak — 3 Ra, 
HY — 4e Y |m(vrat + vlak) + (moro) + vie (v*v'R2) 
7 2 2 2 CRAS È 
Moreover, one has, from (6) 


7° 300 — (oo 300 — kl A00 — 4 1 AB ut 
: : +8 9° ga Ide >’ mm |), 


cn 
cn 
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2 -— 5, 3 P AB Né 
(8) V Me gee ga — 16e >’ mm (5) ; 


From the rules of Section 4, we must also know the asymptotic behavior 
of 8““ in order to solve (8). One has, from (6) 


0? m? N 1 1 

== Del Er A | LR fe è VE 

= OP 18 pa È AB A B 

42 \RR DR DR 
Here, GUN is an extremely cumbersome expression. It is sufficient for our 
purpose to know that it falls off, at large distances, like R-4, and therefore 
its contribution to ts falls off as f(t)/R. This produces a term like ef'(t) in 
is which does not concern us, however, because only the spatial derivatives 
of this expression are needed. The curled bracket in (9) gives a contribution 

LOSE: 
6 


A B 
s TS me tog B+ 5! uh log (À R - tI sn 


#| i 


Unless all D=0, this expression behaves at large distances like R, and there 
? Le] ? 
corresponds to it, in $“", a term behaving as R?. This can readily be verified 

ti 


from the solution of (8): 
m MRR! 
ara — 9 ul E Ge 
a f ae ean | 


All the quantities needed to compute 4° are thus known. 


7. — Radiated energy. 


We define the radiated energy, per unit time, as the rate of work of the 
particles against their own radiation field: 


i a: dev x 
li vm a 


For the sake of simplicity, we shall restrict ourselves to the case of two 
particles revolving on circular orbits (in the Newtonian approximation) at a 
distance D from each other. In this case, 9, qu adn gi vanish. Next we choose, 
for convenience, a system of co-ordinates where the center of mass is at rest: 
> mv = 0. As a consequence, we can neglect all the spatial constants which 
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appear in the first four terms of q, as they give equal contributions to the 

accelerations of both particles, and will therefore cancel in the computation 

of U. Thus the only relevant term of H## is 4e Y m R4/5! and the only rel- 
7 


evant term of — g®, is — de Y m(v'R2)/3! Moreover it can be shown ($) that 
ae 


the contribution from 8!“ exactly cancels the fourth term of a. One thus gets 
‘ 


eee 5 a El see 
ar À — v'{" E m | — (0° — 
: a 3 Leti 


where the x sign recalls that some spatial constants have been omitted, and 


where the right hand member has to be computed at the position of the par- 
ticle under consideration. A straightforward computation gives 


tini 
a 9, aire (m + M) (461 MU — 269m), 


where M is the mass of the other particle. It follows that 


32 mM?(m + M) 
(10) Bo a 


For purely outgoing waves (e=- 1), this agrees with the result ot the 
linearized theory ('). (The fact that one has previously obtained a negative 
radiated energy should be ascribed to the presence of incoming gravitational 
waves, which were absorbed by the particles). 

The physical reality of this phenomenon can be confirmed by computing 
the rate of change of the total mass. One finds (16) 


Sim OF, 
ene TT 


as one should expect. 


8. — Behavior of the field at very large distances. 


Henceforth we take, for the sake of simplicity, m— M. The evolution 
of the system is ruled by the equations 


Lt GS 
dt D 5 Ds’ 
2mv2 m? 
fonia. 


(16) A. PERES: Nuovo Cimento, 13, 439 (1959). 
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whence 


(11) a SI he 


T is the time at which radiative capture would occur, if the last equations were 
rigorously correct. Actually, all the previous theory is valid only for low veloc- 
ities, i.e. as long as D>m. For very small D, capture occurs even if radia- 
tive effects are discarded (17). 

From (10) and (11), one gets 


It follows that, at a distance R, the average energy flux and energy density 
of the gravitational waves are about 


(12) 


_ Uit—R) TE am i 
—  4nR? 300nk? \T—t+ RB) - 


For R< T—t=5D!/512 m?, this varies as R-?, but for very large È, 


one has 


As 5 is proportional to the square of the amplitude of the radiation field, it 
follows that the latter falls as R~*”. 

On the other hand, the energy density @ produces an additional field (15), 
the potential of which varies, at large distances, like R-**, i.e. more slowly 
than the amplitude of the radiation field. This additional field, however, 1s 
quasi-static, as shown by (12): its time and space derivatives behave like R-°”, 
i.e., they fall off faster than those of the radiation field. Therefore the energy 
density of this additional field can be neglected with respect to o. 

Let us summarize: at very large distances (R > D*/m’), the field contains 
a static part behaving as (m/R), a quasi-static part behaving as (m/R)?* and 
a dynamic part behaving as (m/R)8. (This result does not contradict à 


(17) C. Darwin: Proc. Roy. Soc., A 249, 180 (1959). 
(18) A. Peres and N. Rosen: Phys. Rev. 115, 1085 (1959). 
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theorem of Papapetrou (1°) according to which the field can be asymptotically 
Euclidean at infinity only if it is a static both for t+-+ oo and t->— 00, 
because the validity of this theorem is limited to the cases where there exists 
some constant radius R, such that space is empty for R> R, at all times t. 
In our case, however, it is easy to see from (11) that no such R, exists.) 

The fact that the energy density of the gravitational field behaves at large 
distances like R! has the important consequence that the total energy of 
the eravitational field is bounded. (It would not be bounded if the energy 
density behaved like R-?, or even R~*.) It is therefore possible to define a 
total energy of the particles and the field. This is constant, because the well 
known conservation theorem 


(arr +t"), = 0 
can be written 


1 | 
(13) —£ [g(a +i) av | tas, 


and the right hand member behaves like R~** for very large distances 
(R> D*/m*) and thus asymptotically vanishes at infinity. In fact, by con- 
sidering the situation when the particles were very far apart, one gets 


[orem So 


. 
all space 


This fact was incorrectly interpreted by INFELD (4) as a proof that gravi- 
tational radiation does not exist. Actually, only the sum [9° Today [ateay 
is constant, while energy is constantly pumped from the matter to the radia- 


tion field. ui d, if we limit the domain of integration to the wave zone, i.e 
to distances such that 


D3\t Le 
(14) (= | <R <> 


#7 


both members of (13) are positive and approximately independent of R, as 
will be shown in the next section. 

All the previous arguments are valid only in the case of retarded potentials 
(outgoing waves, e=—1). In the case of half-retarded, half-advanced po- 
tentials (standing waves, &— 0), no energy is radiated and the motion is 
truly periodic. The field then diverges logarithmically at spatial infinity (18:20). 


(1°) A. PAPAPETROU: Ann. Phys., 2, 87 (1958). 
(°°) A. PAPAPETROU: Ann. Phys., 20, 399 (1957); 1, 186 (1958). 
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9. — Validity of the linear approximation. 


We already know that the linear approximation is valid neither at very 
small distances from the sources (of the order of the Schwarzschild radius), 
nor at very large distances (R> D'|m?) where the quasi-static field caused 
by o is more important than the radiation field. Its domain of validity, if it 
exists, must therefore be limited to the wave zone, defined by (14). 

It is therefore important to examine in detail how the linearized theory 
can nevertheless correctly give the radiated energy. We here follow the proof 
of LANDAU and Lirsutrrz (1). The «solution » of (1) is 


au — (1/16 Qui 
ge? = n - 4| 82 = “ se) av 


where the curled bracket has to be computed at a retarded time. Let 


; 
qu = gi — Qu". 


167% 


For large R, one can write 


gr = ff — Alu 7, 


Moreover, it follows from (1) and the harmonic condition that T°, = 0 
whence 


if 


dope Lo de cai 
CR a 2 on tite 


Let us multiply the first of these equations by +! and integrate over a large 
sphere of radius R. One gets 


(15) a {taal = —fomoar-frar- (ren) ed PE 


We shall now show that the last integral can be neglected. One has 


fear = fina, . 


Now 72% varies as R~? (in the wave zone) so that it seems that this expression 
diverges as R. This is not the case, however, as the following arguments shows: 


ce 
LA 
oD 
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it is possible to consider, instead of an infinite wave train, a short pulse of 
gravitational waves (21). One can take the surface integral at a very large 
distance, so that the pulse has still not reached it. It then vanishes, and the 
volume integral vanishes also. The other integrals in eq. (15), however, remain 
finite. 

Let us note that this argument is correct only if there is a possibility of 
dealing with linear wave trains, i.e. those that can be arbitrarily decomposed 
into independent pulses. In reality, there is an interaction between the various 
parts of a wave train, due to the non-linearity of the Einsteins equations. 
The previous argument is therefore valid only inasmuch one can neglect the 
gravitational influence of the energy density of the waves. It is therefore 
correct in the wave zone, but not for R > D*/m’?. 


Thus, in the wave zone 
e TO dV = av. 
dt 


In a similar fashion, one can show that 


i Ge 
[far 5 fa | etotoray, 
whence 
(16) gine ee THEATRE 2 > m (EE). 
R dt? IR = 


This is indeed equal to the limit of g*’, for large R, as found in Section 3. 
, - 

The only difference is that the right hand member is now to be computed at 

time ({— R), rather than ¢. (Henceforth, it will always be understood that 

sources have to be considered at à retarded time.) 


10. — The wave zone, 


The wave zone is characterized, in the case of outgoing waves, by 


lo) 0 9 A 
RI RI LO) = 
A0 0 + Doro eu 


Let 


(1) D. GEISSLER, A. PAPAPETROU and H. TREDER: Ann. Phys., 2, 344 (1959). 
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whence 


(17) n'n,=0. 


One can write (??) 
(18) open le, 
where a! may depend on »,, but is almost independent of R (except through 


the retardation of time). 
The harmonic condition now reads 


(19) an, =) , 
whence 

(20) ar = akin, , 

and 

(21) ao = an, = anzi 


The energy-momentum pseudotensor of the gravitational field is given by (!5) 


a p a Ww ys ay Th so) 
Léxgt” = 9° ,972,[ 9" (402959 po — 49" Gan Spo + 39 Gap Sa) + 
+ ddr gg, + 62650205 — 0507060, — da d9 Ipo — 
Ie I 


With the help of (17) and (18), one gets, in the linear approximation 


UY = on, 


where 


(22) lo) (QNanN80o — NaBNno) abate , 


eet 
_ 64° 
Introducing 


kt — qkl L Jklgni 
DEA Lottar?, 


one gets, with the help of (20) and (21) 


al 
= (2b** DE — 4b” bean, ma + DE OPIN, N {Ny Ng) . 


am 642k? 


(22) A. TraurmMan: Bull. Acad. Polon. Sc., 6, 407 (1958). 
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Moreover, one has (2°) 


Aire t 
Noa = 3 GE? ’ 


ra PR] 1 
My mM = Fy (dat Onn dra + rada) è 


whence 


This is always a positive quantity. It follows 
: ne 1 
U = [es ds, = fon ds, = Ag R: O — 20 pri pet . 


In the case of free particles, one has, from (16) and (18) 


(23) POI, 
whence 


it de 
QE 45 da m(BErE — OkEn En) |2 


This is the usual formula for gravitational radiation (1). As it has been 
independently checked both for free particles (Section 7) and for constrained 
motion (?'), we can say that the existence of gravitational radiation is now well 
established. 


From (20), (21) and (23), it follows that the form of g° and g°*, in the 
wave zone, is (25): 


+5 Sm num Dm (EREI 


5) 


4 9 ta 
go = » > mur + R ni Di m(ErE‘) . 


When we compare these formulae with the asymptotic values of qu and ca 


that are given in Section 4, we find that they do not agree. This fact should 
not surprise us, because we have used in the first sections of this paper an 


(%) L. LANDAU and E. LirsHirz: loc. cit., p. 206. 
Ra 


V. B. Bonnor: Nature, 181, 1196 (1958); Phil. Trans. Roy. Soc., A 251, 233 
; A. PERES and N. ROSEN: Ann. Phys. (to be published). 
JAVA Por: loc. Grp 417: 
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approximation method based on the assumption that time derivatives are much 
smaller than space derivatives. This is indeed correct in the vicinity of the 
particles, but in the wave zone, time derivatives are of the same order as 
radial space derivatives, and much larger than tangential space derivatives. 
The various orders of approximation are therefore completely different: quan- 
tities of the n-th order in one region contain also contributions from all lower 
orders in the other region, and no direct comparison can be made. The agree- 
ment for g*', that we have found in the previous section, should be ascribed 
to the fact that in both methods we were dealing with the lowest approxi- 
mation to g#!. 


11. — Uniqueness of o. 


Fock has shown (*) that the harmonic system of co-ordinates behaving at 
infinity as pure outgoing waves is unique (up to a Lorentz transformation). 
We have found, however, that the dominant term at very large distances has 
not the form of outgoing waves. 

We now intend to show that it is sufficient to require that the system be 
harmonic and behave as outgoing waves in the wave zone (but not neces- 
sarily near the sources nor at infinity) in order to get a unique value foro. 

We thus assume only (18) and (19). Under an infinitesimal co-ordinate 
transformation w/“=«"+&", the g”” transform according to 


lu ’ sv I, uw 
ISO dr. 


As the g! are also to behave as outgoing waves, one must have 


Pil. 
re R b) 
where the c* themselves satisfy 
og Pg. 
Thus 
(24) a = gh? + fin” + fn — nin, - 


It follows that a/’n,=0, i.e. the new system is also harmonic. 
Let us now go back to eq. (22) which defines o. A straightforward com- 
putation shows that 


; ah 


Se 0, hd o EE 
Os G4r PR? (2%) x2 "Bo Nap no) a a ; 
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is exactly equal to o. This could be foreseen by noting that (24) can be 
written as 


ñ v, fl V6 Nol 
(jee al” L ch” e’! peo 


a 


e Per LESSE BO TAO pale NI) 
i.e. a.. behaves as a tensor density would under a transformation æ * = æ° + cf. 


uv 


One may also define o with the help of the Einstein pseudotensor (2°) 


ty == | [org ir qa Sr) ’ 
167 co 
where 
1 IT at IT 

CE. È OO gia ee ‘ = lyn Beet eS Gap dre) 

Now 
ce 1 nef HT 1 6° 0! dî 6! 
eg or, Chr Gan Spo — 5 Gas Sno — On On Spe — 9p 9x Gao] » 

a = \ 

whence 


LE LA hee ae LR es 
i, = 167 9g È Q Fe Lx È 05 Of Gar — 4 yy Grn 9 Po sr 8 g Gap dr sa 
| x y UT il BT T4 6! dl 
al 5 Oy q Gan 950 759 Gap GE UP a Spe — 99x Yao] 
With the help of (17) and (18), one gets, in the linear approximation 


1 ap 7 
= 64k? nn, (21 an Nbo — Toe Nae) & Bayne 


We thus get exactly the same result as with the t”” of Landau and Lifshitz. 
At last, let us note that a very simple exact formula for o can be obtained 
from 


16z0gt? = (g*9g00 — gg), 


which holds in vacuo (T°— 0). This can be written 


Gag 
(25) 1677919 = (— g)g°° [a — d =| | 
go skl 
(°°) R.C. Torman: Relativity Thermodynamics and Cosmology (Oxford, 1934), p. 224. 
(2?) P. A.M. Dirac: Proc. Roy. Soc., A 246, 333 (1958). 
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However 


| EURE 
(a go Jim = D 


and 
(— g)g® = — Det (Gui) - 


Therefore the square bracket in (25) is simply minus the co-factor of gr in 
the determinant of the Gmn: 


16agt°? a Ly "(J sm en) it È 


One thus sees that only the six gn. give a contribution to the energy den- 
sity of the gravitational field. This is related to the fact that they are canon- 
ical variables, while the four g,, are nob (27). 


o % 


I am greatly indebted to Professor N. Rosen for many stimulating dis- 


cussions and much helpful criticism. 


RIASSUNTO) 


Si espone un metodo ad approssimazioni successive per risolvere le equazioni di 
Einstein per un sistema di particelle polari che gravitano liberamente. Si dimostra che 
si può scegliere la soluzione che rappresenta soltanto onde uscenti. Si trova che la 
correzione di 5° ordine all’accelerazione comporta un termine non conservativo : 
l’energia si perde, per radiazione gravitazionale, in quantità esattamente uguale a 
quella predetta della teoria linearizzata. Questo può essere dimostrato calcolando la 
perdita di massa del sistema. Poi si passa ad esaminare la validità della teoria lineariz- 
zata: si dimostra che non può descrivere correttamente il campo a distanze molto grandi 
dall'origine, ma ciononostante da un risultato corretto per l’energia irradiata. 


(*) Traduzione a curd della Redazione. 
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On the Matrix Formulation of the Theory 
of Partial Polarization in Terms of Observables. 


G. B. PARRENT, Jr. (*) and P. ROMAN 


Department of Theoretical Physics, The University - Manchester 


(ricevuto il 19 Ottobre 1959) 


Summary. — The coherency matrix of a quasi-monochromatic plane 
wave is deduced from a matrix representation of the analytic signal 
associated with the electric field. It is shown that if the radiation passes 
through a physical device, such as a compensator, absorber, rotator, 
or polarizer, the effect of this interaction can be fully described in terms 
of appropriately choosen operators which transform directly the cohereney 
matrix. The complex degree of coherence is defined in terms of the 
operators mentioned above, and from this is deduced an expression 
characterizing the degree of polarization. It is shown that the quantity 
deduced in this manner is identical with that obtained from the more 
conventional definition. An experiment is described which can serve 
to measure the components of the correlation matrix. 


1. — Introduction. 


The study of partial polarization has a great deal in common with the 
study of partial coherence, since both are necessitated by the statistical nature 
of «natural» radiation. Thus for example a rigorously monochromatic beam 
of electromagnetic radiation would be completely coherent and completely 
polarized; and the behaviour of such a beam is simply determined. However, 
if one considers a more realistic model of a beam of light, e.g. quasi-monochro- 


(*) Permanent address: Electromagnetic Radiation Lab., Electronics Research 
Directorate, Air Force Cambridge Research Center, L. G. Hanscom, A. F. B. Bedford, 
Mass., U.S.A. ; 
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matic (which results from the superposition of a large number of randomly 
timed statistically independent pulses with the same central frequency), the 
problem of describing its behaviour is essentially different. What was a com- 
pletely determined problem becomes a statistical one in which even the concepts 
cf amplitude and phase become ambiguous, requiring redefinition. 

It is only when dealing with such statistical radiation that the terms 
partial coherence and partial polarization have any meaning. 

In view of this genetic relationship between these two aspects of the study 
of natural light one would expect the techniques and concepts which prove 
important for one to be helpful in understanding the other. Consequently, 
the recent emphasis on the formulation of coherence theory in terms of meas- 
urable quantities (correlation functions), and the success which this approach 
has enjoyed, suggest that the more general problems of partial polarization 
might also be better understood if they were formulated in a similar way. 

In fact, considerable progress with this approach has already been made 
through the introduction by WOLF (1) of the correlation tensor. The matrix 
of this tensor, the correlation matrix, is the appropriate entity for the descrip- 
tion of partially polarized beams. Its physical significance was, however, left 
somewhat obscure. In a later paper WOLF (?) identified the elements of the 
coherency matrix 7 with the factors occurring in the expression for the intensity 
in a beam after transmission through a compensator and a polarizer. In his 
paper ref. (*) he pointed out that / is formally equivalent to the density matrix 
in the study of scattering phenomena. 

In spite of the attention focussed upon the coherency matrix, the uniformity 
which this entity introduces has gone largely unnoticed. The formulation 
of the subject as introduced here stresses the analogy between this field of 
research and modern scattering theory. 

We shall use here a matrix representation of the electric field and derive 
formulae for the solution of the problem arising in the description of partially 
polarized fields and their interaction with physical devices. We mention that 
in the last decade several attempts have been made to describe in terms of 
matrices the action of various physical devices on radiation passed through 
them (see, for example, CLARK JONES (3) or WESTFOLD (+), where also further 
literature is quoted). Our approach will be, however, very different from these 
and also more general. In particular, we shall avoid the use of the «Stokes 
vector » 


S = (So) 51) 821 53); 


(1) E. WOLF: Nuovo Cimento, 12, 884 (1954). 
(2) E. WOLF: Nuovo Cimento, 13, 1165 (1959). 
(3) R. CLARK Jones: Journ. Opt. Soc. Am., 46, 126 (1956). 
(4) K. C. WESTFOLD: Journ. Opt. Soc. Am., 49, 717 (1959). 
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which, in fact, has not the transformation property of a four-vector. Further- 
more, we shall not need 4x4 matrices to characterize the interactions, but 
only 2x2 matrices. An attractive feature of the present approach is that 
one obtains matrix operators characteristic of the physical devices (interactions) 
which operate directly on the coherency matrix. Further, the physical characte- 
ristic to be measured (e.g. the intensity /) is always given by an expression 
of the form 


(1) F=Sp(F 41, 


where F is the characteristic to be measured, / is the coherency matrix, 
Fis an operator describing the experiment (the device), and Sp indicates 
the trace. In (1) the operator F depends only on the physical devices and I 
depends only on the measurable properties of the beam. That is, % describes 
the state of the field. 


2. — Scope, definitions and notation. 


Throughout this discussion we shall limit our attention to quasi-mono- 
chromatic fields. In essence this approximation requires that the spectral 
width of the radiation is negligible compared to the mean frequency, 7.e. 


(2a) Av € y. 


The introduction of this approximation enables us to evaluate frequency- 
dependent quantities at the mean frequency, but also limits the validity of 
the development to phenomena involving relatively small path differences Al, 
i.e. the theory is valid when 


(20) Al < cJAy, 


where ¢ is the velocity of light. For a full discussion of the consequences of 
this approximation the reader is referred to Born and WOLF (5). Further, 
we limit our attention to plane waves in which case the electric vector has 
two components, perpendicular to the direction of propagation. While these 
approximations are appropriate for many problems of interest, the analysis 
given here may be extended to polychromatie non-planar waves. This gene- 
ralization will be treated in a 1 ter communication. | 


(5) M. Born and E. WoLr: Principles of Optics (London, TOSO Te, HO. 
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The real electric field will be denoted by the column matrix 
(3) 6" (x, t) = 


Here, as throughout this paper, script letters denote matrices; bold face type 
denotes vectors; and a superscript 7 denotes a real function of a real variable. 

Our analysis will not deal directly with €” but rather with the associated 
analytic signal representation of the field. The advantage of this representation 
for problems involving correlation functions become apparent from the inves- 
tigations of various authors (55); therefore we shall simply review briefly the 
method of obtaining the analytie signal from the real field. 

It is assumed (see p. 1169 of ref. (*)) that the field possesses a Fourier 
transform; thus 


(ee) 


H,(x, Ÿ = fata, y) sin [g(a, v) — 2vt] dy . 
0 
We associate with Æ° its «conjugate function» E;(x, t) defined by 


| E(x, t) = fata, y) cos [p(x, v) — 2zvt] dv. 
0 


It is easily shown that Hi is the Hilbert transform of Æ,, i.e. 


+0 
: ES NA ERA 
E,(x, t) rami | Zola, È ) dt’ 4 


where P denotes Cauchy’s principal value. The analytic signal E, is then 


defined as 
E(x, t) = Ex, t) + il, (x, 1). 
Similar considerations hold for £,. 
(ln Ci ref), D- 492. 


(7) G. B. PARRENT jr: Journ. Opt. Soc. Am., 49, 787 (1959). 
(8) P. Roman and E. WoLF: Ann. Phys., in press. 
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In terms of these functions our representation becomes 
E,(x, 1) | 
(4) &(x, t) = = &(x, t) +ié*(x, 1). 
E,(x, t) 
In this representation the intensity Z at the point x may be expressed as 


(5) I=Sp(éxé*. 


2] 


Here &* is the Hermitian conjugate of €, i.e. the row matrix 
et Qe __ © a Fa. 
6 es 6 = [E TOI 


further, <...) indicates the time. average, and x denotes the Kronecker product 
of matrices. That this definition is equivalent to that normally given, may 
be seen by writing (5) in full, when we obtain 


I= (E- E*) =2(E')» 


(In the last step some simple properties of Hilbert transforms have been utilized.) 
We introduce now the coherency matriw I by the definition 


(6) fe NC fe CS 
which is clearly Hermitian: 


BREST De 


I is in fact the matrix of the correlation tenscr introduced by WOLF (!) 
who proved that the elements of this matrix are observables of the radiation 
field. In terms of ./ the intensity (5) becomes simply 


— 
1 


ISPA 


On» further remark about notation. At one stage in the analysis the Pauli 
matrices will be used. Since our representation differs slightly from that 
normally used, we shall summarize it at this point. These matrices obey the 
algebra 


0,0, = — ic, ; (x, P, v)== (1, 2,.3) and cycle 
(8) (o) — 0; ; a= pl aes 3 = 


0; = 000; = OF 5 


ri 


or 
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Tt follows from (8) that 
(9) Sp (o:0,) = 20;;, (i, 110, 2780) 
The matrices may be represented*by putting 


0) el 0 (Om A 0 (À 
(10) O71) = , E= s Où — ,, 03 = 
0 1 (eet 1 0 Sn a 


In the following sections we shall obtain transformation equations for 4% 
corresponding to the passage of partially polarized radiation through the various 
physical devices which are of interest in the study of such fields. In Sec- 
tions 8 and 9 we discuss the various parameters used to specify the state of 
such statistical radiation and their relation to the coherency matrix. The rela- 
tion between ./ and the density matrix will be briefly discussed in the conclud- 
ing remarks. 


3. — Compensator. 


The compensator is a device which introduces a phase change e, in the 
æ-component and e, in the y-component in each spectral component of the 
field vector. This results in a relative phase difference ò —e,— e, between 
the #- and y-components. Thus the compensator produces a selective rota- 
tion of the electric field in Fourier space. In the general case 6 is of course 
a function of frequency; however, consistent with the quasi-monochromatic 
approximation we take the phase shift for each spectral component to be 
equal to that for the mean frequency. The compensator may, therefore, be 
represented or characterized by a unitary rotation matrix 


exp [56] 0 
(11) C= sele 
0) exp 0) 


If € is the field incident on the compensator, the emergent field 6, may 
be written as 
(12) 6, = 66; 
and the coherency matrix for the emergent field is given, according to the 
definition (6), by 


Lio; I EX by = EXEC" 
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Hence we may write (*) 
(14) I,= UE X ENS"; 
and substituting from (6) we obtain, using also the unitary nature of ©, 
(15) ACIDI 


Thus the effect of the compensator may be characterized by a rotation operator 
in Fourier space acting directly on the coherency matrix .7, without recourse 
to the unmeasurable quantities of the & field itself. | 

To compute the intensity 7, at a point in the emergent beam we take, 
according to (7), the trace on both sides of (15); and since the argument of the 
trace may be cyclically permuted, we obtain 

ale 

That the intensity is unchanged under the passage of the beam through a 
compensator, could have been anticipated from the fact that a rotation leaves 
the trace invariant and absorption and reflection were ignored. However, 
absorption is easily incorporated into the scheme as will be shown in the 
next section. 


4. — Absorption. 


Absorption is characterized by a decrease in field strength and may there- 
fore be represented by a matrix of the form 


exp [— $72] 0 
(16) A = 
0 exp [— Fm] 


Here 7, and 1, are the absorption coefficients for the x- and y-components 
respectively, evaluated at the mean frequency v. The effect of absorption 
is to produce a field &, given by 
(17) E,= AE 


A ? 


(*) The associative property used in obtaining (14) is of course not permissible 
in general; indeed in the general case this operation is meaningless. However, when 
it is possible to perform such an operation, as in the present and in the following cases, 
the associative property is valid as may be easily verified. 
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and the coherency matrix becomes 
(18) PAS AN 
The reduced intensity is clearly 
, 


(19) L = Sp[GIA7]= Spa]. 


Note that the measurable intensity is given by an expression of the form (1). 


5. — Rotator. 


Various materials and physical devices produce a rotation of the electric 
vector, i.e. they rotate the plane of polarization. Such a device is termed a 
rotator and may clearly be characterized by a rotation operator 


cosa Sin a 

(20) PAGE ; 

— sina cosa 
where x is the angle through which the field is rotated. Note that Z is a real 
antisymmetrie unimodular unitary matrix. 

The emergent field &, following a rotator is given by 

(21) én = À (a)é ’ 
and the coherency matrix becomes 


(22) I,= Ba) IB (a) = RIA) = B(x) IA(— 2) « 


Thus the action of the rotator may also be represented as an operation directly 
on the coherency matrix which contains only observable quantities. The inten- 
sity of course remains unchanged. 


6. — Polarizer. 


The last device to be considered in this discussion before turning to general 
considerations is a polarizer, such as a Nichol prism, which passes only a 
particular component of the field, say the component making an angle 0 
with the «-direction. That is, the polarizer takes the projection of the & field 
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on the direction 0. The polarizer may thus be characterized by a projection 
operator 7 (0). Projection operators are singular and satisfy the idempotency 
condition 
(23) P,(6)7, (0) = (0). 
Associated with every projection operator Z (9) is an orthogonal proejction 
operator Ÿ (0) representing a projection on the direction orthogonal to 0 and 
satisfying the conditions 

P(0)2.(0)=2 (0), 


P.(0) + Z(0) = 1. 


Since the polarizer takes a projection of the é field, it may be represented 
by the operator 


“così 0 sin 0 cos 0 
(25) PAO) = | 


sin 0 cos 0 sin? 0 
The associated operator A(#) may be written as 
ps sin? — sin0 così 
(26) P(0) =F, (9 le i = 
a — sin Ü cos 0 cos? 6 

That these Hermitian operators satisfy the above conditions (23) and (24) 
is readily verified. 

The field &, emerging from the polarizer is given as 
(27) E=9P(0)g; 
and the coherency matrix becomes 

a DT J 7 

(28) F=PIP =P, JP, 
since Z is Hermitian. Thus the effect of the polarizer is also represented 
by an operation directly on the observable entity .%. Unlike the devices pre- 


viously considered, however, the polarizer does not leave the intensity unaltered. 
The intensity is given by | 


(29) I,=Sp/,= Sp[2./2]= Sp? 4, 
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where the property (23) of A was used. The reduced intensity is again an 
expression of the form (1). 

For further application we note here that, as follows directly from (25) 
and (20), 


(30) Ra) FO) B(x) = ZO + a), 


and, in particular, using also (26), 


(30a) Rt (-5) 2.04(-5) SECO | zi =P_(0). 


/ 


7. — Cascaded systems. 


The result of cascading the various devices discussed thus far is of course 
simply obtained by the consecutive application of the respective operators. 
One special case of such a cascaded system of particular interest is the com- 
pensator followed by a polarizer. Computing the intensity at a point in the 
beam emerging from such an arrangement we obtain 
(31) L,(6, 8) = Sp[Z(0)€(d)IC* (6) A(0)) = Sp[7:(0)8(6)F6"(0)1 = 

— Sp[@*(d) Z(0)€(d)I]= Sp[Z (0, d)I], 


where we have set 
(32) HA =GCPE=C1REC . 


The matrix which, incidentally, arises from A through a rotation in Fourier 
space, is useful enough to be written out in full here for later reference. We find 


cos? 4 exp [} d]sin 0 cos 6 
(33) X (0, à) = | . 


Ci à 81% x In? 

exp[—5 6] sin 0 così sin? 0 

Note that (31) is also of the form (1), and that the effect of the combination 
is represented by an operation directly on J. If (31) is written in detail, we 
obtain the familiar result for such an arrangement, as discussed by WOLF (?): 


(34) 1,(0,0)=J.-008°0+Jw Sin? 04 (Jay Xp [— 16] + Jue EXP [iô |) sin 0 cos 0. 


Here J,, ete., are the components of the coherency matrix. 
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&. — The state of the field. 


The state of polarization of an electromagnetic field has been described 
is several ways: in terms of Stokes parameters, the degree of coherence between 
the x- and y-components of the field, and the degree of polarization. We shall 
discuss each of these modes of description in terms of the coherency matrix. 
Most of the relationships discussed in this section were pointed out by 
WOLF (2). They are, however, obtained here from a quite different point of 
view which is being stressed as physically more meaningful in this discussion. 

The customary set of Stokes parameters has been recently the subject 
of considerable discussion and it was pointed out by WoLr (?) that as usually 
defined they are not unique. This ambiguity was, however, removed by 
the introduction of the analytic signal representation. It was also shown 
recently by ROMAN (*) that the concept of Stokes parameters can be extended 
to the case of non-planar waves. 

While it is the opinion of the authors that the elements of / are physically 
a more meaningful set of parameters, we will digress briefly and discuss the 
relation between .Z and the Stokes parameters. 

Anticipating the discussion in Section 10, we note that the coherency 
matrix is formally identical to the density matrix, and therefore the expansion 
of the density matrix given by FANO (1) may be used, i.e. we may set 


3 
(35) EXO, 


k=0 


where the 0, are the Pauli matrices (10) and the s, are the Stokes parameters. 
In keeping with the theme of this paper, we wish to express the Stokes para- 
meters as derivable from .%, since they are observables of the field. Multi- 
plying (35) by o, and taking the trace we obtain, using (9), the solution 


(36) S2== SD 107.7 ly (GO 22 


Note that the Stokes parameters, as all measurables of the field, are obtained 
from an expression of the form (1). 

Another parameter often used in the description of partially polarized 
fields is the degree of polarization, which may be defined as the ratio of the 
intensity of the completely polarized part of the radiation to the total intensity. 
It was shown by WoLr (?) that an unambiguous meaning can be given to the 


() P. Roman: Nuovo Cimento, 13, 974 (1959). 
(19) U. Fano: Phys. Rev., 93, 121 (1954). 
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terms «completely polarized part» and «unpolarized part» and a unique 
expression for the degree of polarization can be obtained in terms of the inva- 
riants.of 7. 

The situation is analogous to that which existed in the closely related 
theory of partial coherence. Here the ratio of the intensity of the « coherent 
part » of the radiation to the total intensity was proposed as a definition of 
the degree of coherence. However, a much clearer understanding of the physical 
situation was obtained by defining the degree of coherence in terms of a cross- 
correlation function (cfr. WoLF (!!)). Following this lead from scalar coherence 
theory we shall propose here a new definition of the degree of polarization 
which will be seen to have the advantage that it involves only directly obser- 
vable quantities. 

Our definition is suggested by the following considerations. A. strictly 
monochromatic field is completely polarized and completely coherent. Further, 
as pointed out by WoLr (7), the intensity formula (34) is formally identical 
with the expression for the intensity resulting from the superposition of two 
partially coherent beams. Now, the significant entity for describing interference 
phenomena involving partially coherent radiation is the normalised cross- 
correlation of the interfering disturbances, i.e. the degree of coherence. Thus 
our considerations suggest that a significant quantity for the specificution of 
the state of a partially polarized field is the degree of coherence between the x- 
and y- components of the field. This quantity 4, May then be defined as the 
normalized cross-correlation of the æ- and y-components of the field. 

The #-component of the field is of course given by A(0)6, and the 
y-component which is rotated as to interfere with the æ-component can be expressed 
as 7 (0)Z(— x/2)6. Since, as a natural extension of the intensity formula (5), 
we can express the cross-correlation of two fields as 


Re: | ESO ot 
Hi Spice); 


the normalized cross-correlation between the aforementioned two field com- 
ponents may be written in the form 


(37) Hay = 


Cette Sp (F+(0)E] X[AA—a]2)EM> È 
= {Sp 4710] x [ZS Sp CA (OA 2/2) E] x [A (0)#( 2/2) E} 


Here the normalizing denominator represents the square root of the product 
of the intensities associated with the two interfering fields. 


(11) E. WoLF: Proc. Roy. Soc., À 230, 96 (1955). 


25 - Il Nuovo Cimento. 
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Permuting cyclically the arguments of the traces, utilizing the properties 
(23), (24) and (30a) of the projection operators, the unitarity of # and the 
Hermiticity of 7, and applying the « associative law» that was used first 
in the derivation of (14), this expression can be considerably simplified. 

We obtain, in view of (6) 


__ SpLA@2)AOF) 
{Sp [Z,(0) o - ER (0) AT" 


(38) Lov = 


By the application of the Schwarz inequality it may be shown that the 
nodulus of w,, is bounded by zero and one and these extreme values are 
characteristic of incoherence and coherence respectively. 

Since, apart from /, the matrices in (38) are real, we may write 


Sp [A(a/2) A, (0) 4] -Sp [Z(x/2) A, (Oe 
Sp [P.(0}.4]-Sp [7_(0)I] 


(39) nk 


Our expression for 4,, is somewhat arbitrary, because for a different selec- 
tion of the w- and y-directions we would of course obtain a different value. 
Clearly w,, is not yet a satisfactory measure for the state of polarization. 
However, we shall now show that there always exists a coordinate frame for 
which a maximum value of |w,,|} is obtained. 

The value of |u,,|? referred to a coordinate system (XY) making an 
angle 0 with the original one may be obtained from (39) by simply noting that 
in the new system the projection operator A(0) must be replaced by 2(0). 
Thus 


(40) e eee eg 
(ay) = Sp [F.(0).4]-Sp [A (0)I] 


The straightforward but rather lengthy maximization of (40) with respect 
to 0 yields the following condition on 4: 


ol Ho See 
| dan + Je 


where J,, etc. are the elements of the coherency matrix with respect to the 
original choice of axes. Since ¥ is Hermitian, it follows from (41) that there 
always exists a real 0 such |u,y| is maximal. 

Before proceeding we point out that the angle 0, which maximises |u 
is also the angle through which the coordinates must be rotated in order that 
the intensities associated with the «- and y-components are equal. This is 


n 
co 
cn 
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easily shown by simply demanding that 
Sp [Z(0)7]= Sp [AMF], 


and solving for 0. 

We are now in a position to define the degree cf polarization of the beam. 
The degree of polarization is defined as the maximum value of the modulus of 
the degree of coherence, |u,,|, maximized with respect to 0. According to this 
definition we obtain the degree of polarization, P, by substituting the value 


of 6,, given by (41) into (40). We find after some calculation that 


(42) rl au 
(Spr)? 
Since det / and Sp ¥ are invariants, it is clear that P as given by (42) is inde- 
pendent of the choice of axes. 
We note that equ. (42) is the result derived by WoLr (?) starting from 
the definition 


= ee 
Tot 


(43) P 


Since it will be of help in deriving an experimental scheme for measuring A 
(see Section 9), we will digress now briefly to consider the determination of P 
from the definition (43) 

Since SZ is Hermitian, it is possible to diagonalize it with a unitary 
matrix 2, i.e. there exists a 2 such that 2°= 2 and 


A, 0 
(44) DAG ; 
DRE 
where the eiginvalues are given by 
de (A deb | 
D + = = S il : il Te . 


Physically (44) implies that there exists a frame of reference (coordinate 
system and relative phase difference) such that the cross-correlation terms 
vanish. Thus the operator Z must be of the form 


(46) Da, d) = A(a)E (0) . 
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vo 


The appropriate diagonatizing angles and 6 are readily found to be given by 


(47a) exp [216] = Jul ay 

and 

(470) te 2a I Sedia _ Toy sin dei / 2 
4 ine Z = == - =- = = 


COS ù Lon Fari dr Je ==, Jai F AL ac Re (aldo 
Proceeding, we may now write 


A 0 ik xt 1046 
(48) = A + (A; — À) 
ONE Came! OO, 


The first term on the right of (48) represents evidently a completely unpo- 
larized beam and the second a completely polarized beam. Furthermore, 
this decomposition is unique. Substituting from (48) into the definition (43) 
we obtain 
rey 


a 
19 eek o 
co Ur RICE 


and substituting from (45) into (49) we obtain the same expression (42) for P 
as derived above from our definition. Hence the equivalence of the two defini- 
tions is established. 


9. — Measurement of .7. 


In order to give a simple and direct physical interpretation to each of the 
four measurements involved in the determination of SZ. we consider first a 
decomposition of JI. | 

Setting 


, E : 
Jos Pp aya hence Jyx = BP —-1Ÿ, 
we may separate ./ into a real and imaginary part as 


doo b 0 Il 
I | + dy PMESTIE 
«ARSA Ar) 


We note that 


Sp [2,(0)Z(2)0;2*(2)]= 0 
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for all 6 and x. In view of the discussion in the previous sections this implies 
that the imaginary part of I does not contribute to the intensity unless a com- 
pensator is involved in the device through which the radiation has passed. We may 
therefore describe the interaction of a partially polarized beam with a pola- 
rizer and a rotator solely in terms of the real (and symmetric) matrix SR 
Thus the intensity in a beam passed by a polarizer is given by 

(51) (0) = Sp ([P.(0)4") . 

Since /° is symmetric, it follows from (47a) and (46) that the matrix 4 which 
diagonalizes /" is a pure rotation operator 7. Hence, denoting the eigenvalues 
of I" by 1, we may write 


(52) PEACE 
RE 


where the diagonalizing angle x, is, according to (47b), determined by the 
condition 


= 
TE, e Jy Y i 


(53) tg 20, = 


~ 


Using (52) and cyclically permuting the argument of the trace, (51) may be 
written as 


AGIO) | CASO 
(54) I»(0) = Sp 1£(%)2?4(0)#*(%a) t = SpyZ4(0— aa) oa 
| MY A | (UN | 


where use was made of (30). Taking now in particular § = «y, we obtain 
Da > 
(55a) (RAEE 


and similarly, for 0= «x; +x/2 we get 


We now notice that the same angle xa which diagonalizes I" makes also 
the intensity I,(0) an extremum. This can be shown simply by differentiating (51) 
with respect to 0. We obtain then the condition 


(56) tg 20, _. STI Lar 
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which is indeed identical with (53). Whether this extremum is à maximum 
or a minimum, depends on the sign of f. Combining this result with (55a, b) 


we can set 
x 
A =T,, 


(57) PRIA 
EEA 
where I, and 7,, denote the first and second extremal intensities (a maximum 
and a minimum if 8 > 0, and the opposite way round if 6< 0). These occur 
at an angle 0,,= %q and 0,,= da 2/2 respectively, where x, is given by (53). 
The physical significance of the above mathematical considerations is 
obvious. To measure the elements Jxx} J,,, and 6 = Red,, of I, we use a 
polarizer and find first the smallest angle x, for which we obtain an extremal 
intensity I,. We measure this intensity and then turn the polarizer to the 
setting «+ 2/2 and measure the new extremal intensity J,. By (57) the 
two intensities give us directly the two eigen-values 4’; then, knowing also 
the angle x, we compute 


e2 


where Z is given by (20). 
If we like, we can now compute the first three Stokes parameters. According 
to (36) and (10) 


y= Tra: sn D. ’ 
(58) Sy == de = Tv; 3 


20e 


It follows that if one is interested only in experiments which do not involve 
compensators, then these three parameters specify the beam completely. 

For a complete description we also require, however, the fourth parameter 
y=ImJay This can be obtained by an additional measurement involving 
a compensator and a polarizer. The intensity is then given by (31). Using 
a half-wave plate for which dò —% and setting the polarizer at an angle 


0= 7/4 with respect to the a-axis, we obtain, using (33) and the notation 
of equ. (50) 


hence 


(59) ee fees 47 
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where I,=Trr+tTw= Sp is the incident intensity. Since J;, and Jy, 
have been measured already in the previous experiment, the sole determi- 
nation of the intensity J, suffices to determine y. As a matter of-fact, set- 
tings other than A= 7/4, d6=a could serve our purpose just as well. 
Knowing y, the fourth Stokes parameter can be expressed as 


(60) S3 — 2y = 


10. — Concluding remarks. 


In the above discussion we have seen that a suitable and comprehensive 
description of the properties and the interactions of statistical radiation can 
be obtained in terms of the coherency matrix %. It is interesting to note 
that both the definition and the properties of % resemble very much those 
of the statistical density matrix o introduced for the characterization of 
statistical mixtures of quantum mechanical systems by von NEUMANN (*). 
The application of the density matrix in the description of phenomena con- 
nected with electron- and photon-polarization has been discussed in great 
detail by TOLHOEK (1). 

The main resemblance between the use of o and of J is reflected in the 
fact that the expectation value of a physical observable is given in terms of 
the density matrix by 


P=KF)=Sp [Fo], 
while the observable value of a physical characteristic connected with a measu- 
rement is given in the present formalism by the analagous expression (1). 


In particular, as one finds easily by combining (15), (18), (21), (27), the 
«operator of the intensity » is given, in view of (5) and (1), by the operator 


(61a) I = AM XH (0+ &, 6), 


where use was made of (30) and the notation (32). Similarly, the « operator 
of the Stokes parameter s;» is, according to (36), 


(61D) CA, = 0; . 


(‘) For a detailed account see, for example, R. C. ToLMAN: The principles of sta- 
tistical mechanics (Oxford, 1938), p. 327. 
(12) H. A. ToLHoEK: Rev. Mod. Phys., 28, 277 (1956). 
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Furthermore, specifying the statistical ensemble in a new representation of 
variables, i.e., physically, performing a certain Measurement on the system 
by letting it interact with some device, amounts to a similarity transformation 
on o: 


(624; pelo = 090-2. 000. 


On the other hand, we have seen in Sect. 3 and 6 that the interaction of the 
statistical beam amounts to a transformation 


(62D) I> I= OF O0. 


There are, however, some important differences between the two formalisms. 
For one thing, 0 is defined in terms of ensemble-averages, while the definition 


of .# involves time-averages. Even though it is true that — by virtue of 
the ergodic hypothesis — the two averaging procedures are normally equi- 


valent, this equivalence will break down in the limiting case of a strictly 
monochromatic beam. 

Another difference is that the transforming operator in (62a) is always 
unitary, but in (62b) not necessarily so. For example, the operator 7, charac- 
terizing a polarizer is not. This circumstance arises from the fact that in our 
discussions we have confined our attention to describing the emergent beam 
only, while the complete specification of the interaction should involve also 
the non-transmitted (reflected or absorbed) component of the radiation as well. 


RIASSUNTO (*) 


La matrice di coerenza di un’onda piana quasi-monocromatica viene dedotta da 
una rappresentazione matriciale del segnale analitico associato al campo elettrico. 
Si mostra che se la radiazione passa attraverso un apparecchio fisico, quale un com- 
pensatore, un assorbitore, un rotatore o un polarizzatore, l’effetto di questa intera- 
zione può essere completamente descritto in termini di operatori opportunamente scelti 
che trasformano direttamente la matrice di coerenza. Il grado complesso di coerenza 
viene definito in termini degli operatori suddetti, e da questo viene dedotta un’espres- 
sione che caratterizza il grado di polarizzazione. Si mostra che la quantità così dedotta 
è uguale a quella ottenuta con la definizione più usuale. Si descrive un esperimento 
che può servire a misurare le componenti della matrice di correlazione. 


(*) Traduzione a cura della Redazione. 
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Formulation of the Causality Requirement (*). 


JG eLAYLOR (ON and JS io: COLL 


University of Maryland, Department of Physics - College Park, Md. 


(ricevuto il 19 Ottobre 1959) 


Summary. — A recently published formulation of the causality requi- 
rement is considered. This formulation is shown to differ in important 
respects from the usual requirement of «no output before input» and 
certain difficulties of physical interpretation are discussed. The formu- 
lation is shown to be more restrictive than the usual strict causality and to 
exclude bound states and certain types of resonances that occur in theories 
of physical interest. The discussion of the Klein-Gordon wave in terms 
of the characteristic momentum variable is analyzed further and the way 
in which the formulation leads to a physically unacceptable extension 
of the domain of analyticity is described. 


A recent paper (1) has presented a new approach to the formulation of the 
causality requirement in scattering problems. The purpose of this note is to 
exhibit important differences between the formulation of reference (1) and the 
usual meaning of the causality principle. 

The causality condition of reference (1) is illustrated by applying it to the 
problem of the scattering of a Klein-Gordon wave in the space of one-time 
dimension and one-space dimension. This is a convenient problem for the 
study of the meaning of the causality requirement, for many of the mathe- 
matical complications of the full quantum field theoretic treatment are avoided. 
It is possible in this simple problem to select a physically meaningful formu- 


(‘) This research was supported in part by the United States Air Force through 
the Air Force Office of Scientific Research of the Air Research and Development 
Command. 

(**) On leave of absence from Christ’s College, Cambridge, U.K. 

(1) I. E. Sean: Phys. Rev., 109, 2191 (1958). 
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lation of causality that is appropriate for later extension to a complete quantum 
field theory. We use units where i=c=1. The general solution of this 
Klein-Gordon equation (¢2y/ex? — 0?y/ ct? = m?œ) is obtained by a superposition 
of the plane waves exp [tke —ik,t], where ko —ki =m. Im reference (7) 1 
is shown that these plane waves can be conveniently expressed in terms of 
a new variable called the characteristic momentum s = 4(k,+%k,), in a of 
which the Fourier component can be written as exp [is(# —t) — is(æ + 1)], 
where sj = m?/4s = 4(ky)—k,). The general superposition of a Waves 


is thus given by: 
+ 00 
(1) g(a, t) [16 exp [isla — t) —is.(x + t)]:ds/|s|, 


— 00 


where {(s)/|s|is an arbitrary single-valued function of the real characteristic 
momentum. 

In reference (1) a scattering problem is formulated by considering an input 
wave 9;,(, t) to give rise to an output wave wp,.(#, t), both expressed in the 
form of e (1), such that «for forward scattering» the transforms f,,(s) 
and f..(s) are related by 


Du 


foui(8) Fa (1 =i C(s)) hin () 2 


Here €(s) measures the scattering amplitude. The usual methods of complex 
variable theories are then applied by considering inputs such that f,,(s)/|s| is 
the boundary value of an analytic and bounded function in the upper half of 
the complex s-plane. 

We point out first that the condition that f,,(s)/|s| extend into an ana- 
lytic function forces the input to contain waves which move in both positive 
and negative senses along the x-axis. The individual Fourier components for 
real s move in the positive x direction when k,k,> 0 or s?> m?/4, while the 
waves moving in the negative æ direction are given by kk,< 0 or s? < m?/4. 
Thus a wave of form (1) containing only components moving in the positive 
x direction must be such that f(s)=0 for f? < m?/4. Such a function can 
extend analytically into the upper half s-plane only if it is identically zero. Hence 
the inputs considered in reference (+) contain waves moving in both senses. 
This fact is the principal source of the essential difference between reference (1) 
and the usual analysis of causality. 

The causality condition used in reference (!) is: 


(3a) if Prlv,t) =0 for w=—t>0, 
(3b) then DC) == OR OLN TO 


In other words, it is assumed that, if the input vanishes along the backward 
light ray v=—t, «>0, then the output must vanish along this ray. 
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We now compare the condition (3) with usual causality condition which 
is expressed by the physical assumption that there can be «no output before 
the input »; that is, if g,,(0, t) vanishes for all events x, t in the past of the 
space-time event 0, then @,,,(”, t) must vanish for all events in the past of 0: 

Thus: 


(4a) if Odi) UNE EN TN ETS IE 
(4b) then Da 1) Ve ae 


Condition (3) can be shown to be much more restrictive than the usual 
causality: condition (4). First we note that there are many input functions 
@,(, t) which satisfy (3a) but do not fulfil (4a). Tt is easy to construct functions 
which vanish along a given ray but which are non-zero at most points in the 
interior of the past light cone, for example for m = 0, the function 9,,(#, 1) = 
= [(t-+a)|(t—a«)]"?J,(m/P@— a?) for any positive integer n satisfies (3a) but 
not (4a); for m=0, pl, t) = y(æ+t) for any function y with y(0)=0 sa- 
tisfies (3a). Thus an input can satisfy (3a) and still have non-vanishing values 
at events located densely in all space-time regions; the usual formulation of 
causality would permit such an input to generate output waves at any point 
in space and time. Hence the condition (3) places a physical restriction on 
the scatterer in addition to the normal concept of causality. In the following 
we will analyse the limitations of the usual causality principle and show how 
much stronger condition (3) is; in particular, we will exhibit how condition (3) 
is too restrictive to be physically acceptable in that it would exclude bound 
states and also some types of resonances which occur in many causal theories 


of physical interest. 

In order to be able to discuss the concept of «forward scattering » in a 
physically meaningful way, we consider an input wave composed only of waves 
moving in one sense, e.g., along the positive x-axis. To analyse the usual 
physical concept of strict causality (« no output beforeinput »), we must be 
able to construct an input signal which vanishes at a given reference point 
for all times before some initial time (2). However, a non-trivial input wave 
packet which moves only in one sense and also vanishes for a time interval 
can be formed from solutions of the Klein-Gordon equation only if we include 
Fourier components of all frequency bands, including the solutions for | ky |< m. 
Thus the input wave is expressed as 


+o 


(5) Pin(@, t) = [Patt exp [ik,a — ikt]}dko, 


(2) See, for example, J. S. TooL: Phys, Rev., 104, 1760 (1956). 
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where k,=++(/—m? for k,>m, and is extended analytically through gi 
upper half of the complex k,-plane to give k, = i\/m?— k? for real k, with 
|ko|<_m and k,=—+/k? —m? for real k,<—m. The oscillatory components 
(real ko, |koj> m) represent waves moving freely in the positive x direction, 
since k,k,> 0 for all these components. The components for real kj, with 
|ky|<m, decrease with increasing 2 as exp [— /m? — kx]; these components 
can be interpreted as the wave functions for bound states of a source located 
on the distant negative x axis (3). For purposes of comparison with refe- 
rence (1), the integration over k, in (5) can be transformed to an integral over s. 
Then equation (5) becomes of the form of equation (1), except that the contour 
of integration becomes the contour C in the complex s-plane, as indicated in 
Fig. 1. The forward scattered outgoing wave can also be defined by an integral 


LL 
Yj 
7 Imk> 0 


m 
2 : mk< 
Region of <<< imk<0 
4 regularityof &(s)F 0 
Imk< 0 
Fig. 1. — Complex characteristic momentum plane: SEGAL has shown that it is con- 


venient to introduce the « characteristic momentum» s in terms of which the usual 
momentum k, and energy k, are given by k, = s—m?/4s and ky = s + m?/4s, where 
ko = ki + m?, s = (k +h,)/2. The full 4-plane is mapped twice into the s-plane, 
once into the upper half s-plane, where Im k, > 0 and once into the lower half s-plane, 
where Im k, < 0. Thus the double-valuedness of k, in terms of ky (or vice-versa) is 
removed as both k, and k, become single-valued functions of s. The KLEIN-GORDON 
waves exp [ix —ik ot] are thus uniquely specified by the value of s. Real values 
of s correspond to oscillatory waves (s? > m?/4 indicates positive x direction, while 
5° < m?/4 indicates negative x direction). The circular perimeter |s|= m/2 corresponds 
to real frequencies such that |ky|< m; those on the upper semicircle BOD represent 
waves decreasing exponentially with positive x, while points of BFD give exponential 
decrease toward negative x. Thus all points of the contour 0, following the 
path ABODE, represent waves oriented in the positive x direction. It is shown in 
the text that causality is satisfied for such waves if and only if the scattering ampli- 
tude ¢(s) is analytic and appropriately bounded for complex s above the countour CO; 
singularities may occur on the perimeter, such as a bound state singularity at the 
point P. Causality for waves toward negative x implies correspondingly that f(s) 
is analytic and appropriately bounded inside the semicircle BODF. 


(5) For further discussion, see J. M. Knicur and J. S. Torn: Ann. Phys., 3, 49 
(1958) or A. Bour and B. MortLESON (to be published). 
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of the type of equation (5) and the relation between the ingoing and outgoing 
waves is given in terms of the forward scattering amplitude ¢ by equation (2). 

The concept of causality can now be applied in conventional fashion. Choose 
any input of form (5) such that ¢,,(7, t) — 0 for all 4 > t and then require 
that the corresponding q,(#, t) —0 for all 2>#. In the usual manner (258) it 
is then easily shown that the scattering amplitude € must extend into an 
analytic function in the upper half of the complex k,-plane which is bounded 
in this half plane by its values on the real axis. If È is not square integrable 
on the real ky-axis, appropriate subtractions of poles and polynomials should 
be made (4) to obtain a square integrable function È, and then € is shown 
to be a causal transform in ky, i.e., an analytic function in the upper half 
k,-plane the square integral of which, along any line parallel and above the 
real axis, is bounded by the square integral along the real axis. Then the 
real and imaginary parts of € determine each other through Hilbert transform 
integrals, and a dispersion relation for the scattering amplitude £ can thus 
be derived as a necessary and sufficient condition for the usual formulation 
of the causality principle (2). The most general case, in which é is a tempered 
distribution on the real k,-axis, can also be shown to give rise to a dispersion 
relation with appropriate subtractions (°). 

Thus the usual causality condition is equivalent to the analyticity and 
appropriate boundedness of È in the upper half k,-plane (on the sheet where 
Im k, > 0), which in turn maps into the portion of the complex s-plane which 
is above the contour C. However, ¢(s) need not be analytic on or below the 
contour C; it may have singularities on the real s-axis or on the perimeter 
or in the interior of the circle |s|<m/2. Indeed bound states in the scatterer 
normally lead to poles of ¢ at values of k, with |ky |< m, and k,= in/m? — kg, 
and these are mapped into the perimeter of the semicircle S (defined by 
|s|<m/2, Ims> 0). 

In reference (1) it is shown that condition (3) is satisfied if and only if 
f(s) is analytic and appropriately bounded in the whole upper half s-plane. 
Thus condition (3) is more resctrictive than the normal causality condition 
in that it adds the perimeter and interior of the semi-circle S to the region 
of regularity. In particular, it therefore excludes bound states or other sin- 
gularities within S, and this explains why the dispersion relations given in 
reference (1) do not contain the conventional bound state or coupling con- 
stant terms. 

It is easy to construct examples of scattering amplitudes satisfying the 
usual causality and unitarity requirements and containing no bound state terms 


(4) See, 107 example, Ref. (2), Sect. 5. 
(5) J. G. TAYLOR: Annals of Physics, 5, 391 (1958). 
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but still violating condition (3). For example, let: 


6) -(8) ko — im i = 21ms 
Es) =—— = nea 
i ko + im (s + [(V2 + 1)/2] im) (s —[(V2 —1)/2] im) 


This amplitude does not satisfy condition (3), for it has a pole at s nt) 
in the interior of the semicrele S. However, it is a physically reasonable scat- 
tering amplitude, tor it only transforms an input such that ¢,,(0, t) = o(t) 
into an output for which @,,(0, t) = Ô(t) — 2m0(t) exp [— mt] where A(t) = 0 
for t< 0 and 1 for t> 0. In other words, this scatterer is characterized by 
the fact that inputs excite a transient which decays exponentially as exp [— mt]; 
the response involves only positive time delays so that the usual conception 
of causality is satisfied. 

We will now make comments on the extension of the above causality 
discussion to three-space dimensions. 

However, here again we encounter the same difficulty of interpretation 
as in the one-dimensional case; the wave cannot vanish along the backward 
ray unless it contains components moving in both directions, in which case 
the concept of «forward scattering » is not well-defined. Thus there does not 
appear any useful or reasonable statement of this form of the causality requi- 
rement in three dimensions. 

The analyticity properties of the S-matrix or the scattering amplitudes 
which follow from the usual from of «strict causality » in the case of three- 
space dimensions have been treated elsewhere (*). Such a discussion can be 
written in terms of the characteristic momentum s, with results exactly si- 
milar to those which have been described for one-space dimension in Fig. 1. 


RIASSUNTO (4) 


Si esamina una formulazione recentemente pubblicata del requisito di causalita. 
Si mostra che questa formulazione differisce sotto molti importanti aspetti dal requisito 
usuale « nessuna uscita prima di un’entrata » e si discutono alcune difficoltà nell’inter- 
pretazione fisica. Si mostra che questa formulazione è più restrittiva dell’usuale cau- 
salità ristretta e che esclude gli stati legati ed alcune risonanze che hanno luogo in 
teorie di interesse fisico. Si esamina ulteriormente la discussione dell’onda di Klein- 
Gordon in termini della variabile dell’impulso caratteristico e si descrive il processo 
per cui questa formulazione porta ad una estensione del dominio di analiticità fisica- 
mente inaccettabile. 


(*) Traduzione a cura della Redazione. 
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Section de Physique, Université Babes-Bolyai - Cluj 


(ricevuto il 20 Ottobre 1959) 


Résumé. — On donne quelques résultats concernant la structure et les 
liaisons des fonctions de Lagrange qui ont été établies pour le cas d’inte- 
raction gravitationnelle des points et des corps matériels. Dans le cas 
de deux sphères rigides en rotation (pour lesquelles la distribution de la 
densité est donnée par la formule de Roche) nous avons établi la fonc- 
tion 7, laquelle s’applique dans le cas où la distance des centres des sphères 
est d’au moins un ordre plus grande que la grandeur des rayons des sphères. 
Nous introduisons la notion du moment gravitationnel tout en démontrant 
que pour l'interaction des moments gravitationnels sont valables des 
expressions analogues à celles pour l'interaction des moments magnétiques. 


Introduction. 


Dans cette étude l’auteur tente une synthèse de certains de ses résultats 
obtenus dans ces dernières années dans le domaine des interaction gravitation- 
nelles faibles (14). Voici ces résultats: 


a) l'interaction gravitationnelle d’un point matériel en mouvement et 
d’un point en repos, peut être caractérisée par un quadri-vecteur-potentiel ; 


@) Z. GABOS: An: st. Univ. « Al. I. Cuza >, Tast, 1, 1-2, 191 (1955). 

(2) Z. GABos: An. Univ. Babes-Bolyai, Cluj, 2, 1-2, 59 (1957). 

(3) Z. GABOS: Studii si cere. st. Tasi, 9, 1, 63 (1958); 9, 2, 189 (1958); 10, 1, (1959). 
(4) Z. GABOS: An. st. Univ. « Al. I. Cuza », Lasi, en cours d'apparition. 
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b) la condition relativement aux coordonnées de la théorie de la relati- 
vité généralisée joue le même rôle que la condition de Lorentz de l’électrody- 
namique. Par conséquent il est justifié d'utiliser de façon exclusive les coor- 
données harmoniques, d'autant plus que ceci présente l'avantage de conduire 
à des expressions plus simples; 


c) la fonction de Lagrange que V. A. Fok a établie pour le cas des corps 
rigides en rotation, peut encore être obtenue à l’aide de la fonction établie par 
I. G. FICHTENHOLIZ pour les systèmes de points matériels; 


d) nous avons établi la fonction ZL pour l'interaction de deux corps sphé- 
riques en rotation, pour lesquels la distribution de la densité est donnée par 
la formule de Roche. Le résultat s'applique dans le cas où la distance des 
centres des sphères est d’au moins un ordre plus grande que la grandeur des 
rayons des sphères; 


e) nous introduisons la notion du moment gravitationnel tout en dé- 
montrant que pour l’interaction des moments gravitationnels sont valables des 
expressions analogues à celles pour l’interaction des moments magnétiques. 

C'est I. G. FICHTENHOLTZ (5) qui a établi la fonction de Lagrange pour un 
système de points matériels, et V. A. Fox (6) l’a établie pour le cas des corps 
rigides en rotation, dans l’hypothèse que la distance des centres de la masse 
de corps d’une forme quelconque est plus grande que leurs dimensions linéaires. 
Pour établir la fonction L, jusqu'ici on s’est servi de deux méthodes: 


1) d’une méthode directe, en utilisant les équations d’Einstein, et 


2) d'une méthode indirecte, en utilisant les relations existant entre la 
fonction L et l'expression ds?. 


Sans doute, la première méthode est la plus importante. Toutefois, la 
deuxième méthode peut servir aussi à approfondir et à compléter les résultats 
obtenus grâce à la première méthode. Nous nous proposons de démontrer dans 
cette étude la justesse de cette argumentation. 

En général, les interactions gravitationnelles sont faibles. Par conséquent 
il suffit d'appliquer une approximation du deuxième ordre. Dans le cas des 
interactions faibles cette approximation nous conduit aux résultats expéri- 
mentaux mêmes et nous fournit une meilleure approximation que la théorie 
restreinte, mais une approximation moins bonne que la théorie généralisée de 
la relativité. Il est done évident que l’on peut obtenir une approximation du 
deuxième ordre soit par la généralisation des résultats dus à la theorie re- 


(5) I. G. FicatenHozrz: J.E.T.F. Moscow, 20, 232 (1950); 32, 1098 (1957). 
(9) V. A. Fox: Teoria prostranstva, vremeni i tiagotenia, (Moscou, 1955), p. 288 
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streinte (7°12), soit par l'application des méthodes approximatives dans le 
cas des équations de la théorie généralisée de la relativité (191%). 


1. — Interaction gravitationnelle d’un point matériel en mouvement et d’un 
point en repos. 


Nous utilisons la relation 


(1) Ldt =—m, cds, 


où m, est la masse de repos du point en mouvement. Les expressions ds? uti- 
lisées ont la forme générale: 


(2) As? = Goo dt? — Jui dr? — gs, AO? — g,3dq? = 
= @(1 + «) di? — (1+ B) dr? — r2(1 + y)(d0? + sin? 0 dg’), 
où x, f, y sont des fonctions de la distamce des points matériels (7). Vu que 
nécessairement 
lim a(r) = lim f(r)=limy(r)=0, 


done «, B, y peuvent être développés en série suivant les puissances succes- 
sives de A/r. À est le rayon gravitationnel du point matériel en repos 


KM, 
e 


À — 


Pour le cas d’une approximation du deuxième ordre 


À We À À 
PERS ; B= fs—3 ame ee 


En tenant compte de la relation v? = Pptreztr sin? O-g où += dr/dt, 
(2) peut être remplacé par 


2 2 LITI 
ast  (1+ 2,1 ee ST 70 ja SI mar. 


Va v2 ci er e? 


(@) Os Sea Rev. Univ. « C. I. Parhon » Bucaresti, seria st. nat., 3, 31 (1953). 

(EI) ILE perg Studi si cere. de fizicd, 5, 3-4, 249 (1954). 

(9) He VESCAN, A. WEISZMANN et I. GortLIEB: Lucr. consf. de geom. dif. 
9-12 Iunie aie Timisoara, 1956, p. 341. 

(1) A. Ernstern et J. GROMMER: Siteb. Berl. Akad., no. 1/4, 2 (1927). 

(11) A. Einstein, L. INFELD et B. OEE Ann. Math., 39, 65 (1938). 

(12) V. A. Fox: J.E.T.F. Moscou, 9, 375 (1949). 

(5) L. InreLD: Acta Phys. Polonica, 18, 187 (1954). 
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Les deuxième et quatrième termes de l’expression en parenthèse ont l’ordre 
de grandeur A/r; les troisième, cinquième et sixième ont 22/r2 pour ordre de 
grandeur. Lorsque l’interaction est faible L=—mc(ds/dt) en la remplaçant 
par un développement limité au deuxiéme ordre, nous obtenons 


c? 
où 
Vv MAC? co) À , (% vy? B r? 
= ea Xo + | Li 4 È NG Vo ce (Po Vo) e 
Pour les coordonnées ordinaires et harmoniques nous avons respectivement: 
€ Dp ‘ 
% = — 2, TN AIT 
et 
do Ni oo 2e 


En utilisant l'expression de la fonction L, nous écrivons, pour l’énergie et pour 
le vecteur généralisé de la quantité de mouvement 


m e? 
(4) ESP 
V1— 02/0? je 


où est l’énergie du champ gravitationnel: 


_ . OV m Ac? NAN v? ip 


Li AL I} yp (6 
et 
(5) Te ie 
Odi V1— fe 
avec 
x Mov; My Ar 
À; = (n =) È E (Bo Vo) = Vi + 


La fonction L peut être donnée, de la même façon que dans la théorie de la 
relativité restreinte, au moyen des fonctions A,, g: 


L= m1 44m. 
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Les fonctions A,, A,, A,, À, — (ile) sont les composants d’un quadrivecteur 
potentiel, pourvu qu’elles satisfassent à deux conditions: 


x) l'expression 
À i dx; TRE P dt 


est un invariant de Lorentz; 
B) A;, g sont des fonctions de x,. 


Pour les interactions faibles ces conditions peuvent être remplies dans une 
bonne approximation (*). 

Lat est un invariant, et pow les interactions gravitationnelles faibles la 
durée dans laquelle le mouvement peut être considéré comme rectiligne et 
uniforme, est suffisamment grande, par conséquent la condition 1° est remplie 
en bonne approximation. 

Dans l’approximation newtonienne seul +, diffère de zéro, donc les fone- 
tions À, et p—(Amac?/2r) sont des termes correctifs. En appliquant la mé- 
thode de Hamilton-Jacobi, nous pouvons donner les fonctions de vitesse 
0 = 00x;) saitsfaisant aux équations 


KMMo 
mov? - A 
9 0 5 


E, r@=b, 


où E, b sont des constantes ayant respectivement le caractère d'énergie et de 
vitesse aréolaire. Ces fonctions introduites dans les termes correctifs, nous 
obtenons en bonne approximation les fonctions 4;, g figurant dans la 2° con- 
dition. 

Notre procédure est encore justifiée par ce qui suit. En utilisant la fonc- 
tion L nous cbtenons pour les composants de la force 


). OV IV 2%. ai 
(6) E, “i me) d ol oy ght x di | (x so a DE | 


D: di VI je i: di CX; 0%; ve 
_ 3(Bo— Yo) a (% 9 "E el “tes Go AMPH; 
SRL SEA 2 2Po + Yo ole 6 72 
Mais 
di op , + [OAs 0A, 
K, a | e A oi 
0%; OÙ, Oi, 


nous conduit à des fonctions (6). Il faut tenir compte dans les calculs de ce 
qui suit: on donne A, et g en fonction de #;, E, b. Après la differentiation 
— et après elle seulement — H,, b peuvent être substitués par leurs expressions. 
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Nous avons encore 


m Mo, Ame 
) rat — Lodi = À | i a | aa 


— 
Cai 


mot; =| 
9) 


y 


(où Lys Ly sont les fonctions établies à l’aide des expressions ds? données 
respectivement pas SCHWARZSCHILD et Fok), et pour les coordonnées harmoniques 


Mov; 3À 
=== = Re Re où = m(1+5). 
VI — w/e V1 — vjc? wi 


© 
| 

| 
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Conclusions : 


a) l'interaction gravitationnelle d’un point matériel en mouvement et 
d’un point matériel en repos peut être caractérisée, pour le cas des interactions 
faibles, par un quadri-vecteur-potentiel ; 


b) les fonctions de Lagrange utilisées sont équivalentes, par conséquent 
sont équivalents aussi les quadri-vecteurs-potentiels établis grâce à ces fonctions; 


c) l'interaction du point matériel et du champ a pour conséquence l’aug- 
mentation de la masse de repos. 


2. — Interaction gravitationnelle des points en movement. 


Nous partons de l’hypothèse que le problème étudié est géométrisable. 
Dans ce cas L ne contient que r (distance des points matériels), V,, (componsant 
de la vitesse « pour le point matériel 1; (x=1, 2, 3, î=1,2). Pour le cas 
d’un point en mouvement et un autre point en repos les effects relativistes 
sont déterminés par les termes À/r et v°/c?, done pour deux corps en mouve- 
ment nous avons suppose: 


1) L est une fonction de 


donc 


Ip TE GA 


TE, es TG (È À ee) 
7) 


où À, À sont les rayons gravifiques des particules, et encore 
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2) pour des valeurs de r très grandes 


ia 99 


3) JL est une fonction des invariants euclidiens (7). 


4) L est invariant pour un changement des indices 1 et 2. 


SN  Développons la fonction L en série au voisinage de la valeur zéro des 
variables indépendantes. En nous limitant aux termes d'ordre de grandeur 
MyC?, MO, mott/e?, nous obtenons: 


ee came B CO ikap Via Vpt 
9 I Sato e v 
e? Ÿ ey ey 


? 


(10) L = — > Me Va 


où A, B, C;rag Sont des constantes. 
Voyons les conséquences de Vhypothese 3). Pour le cas des deux points 
matériels nous aovns les invariants euelidiens: 


5 2 n 5 Lia Ln "i 4 Se ae Op Oa ONO ee 
ee 0, On On COSE el n =c0sO,, rico, = 0080, 
avec 
0 “ia — Vea Oo Via 
t= : Vi, = — 
da UV; 


Le dernier terme dans (10) est une fonction homogene du second ordre des 
composants de la vitesse, par consequent il est une composition linéaire des 


expressions d’invariants: 


7 —— a2 ; = q ay « re 
Vaia = Cie Urla VV, COS E » Von 20 Uso 
NCE ete on 0 Le AL UNE Te 
(Pia a = Tipe Via! x! 28! B = Vi, V op 9 (or sr 


Il résulte de la condition 4) que les coefficients de vj et v;, respectivement pe. 
et vj, sont égaux. 
Done, la fonction de Lagrange satisfaisant aux conditions ci-dessus sera: 


/ v? A 
mot a 


B 


e2r2 


1 : J 
+ [OWE + 08) + Dos + HUE + 0b) + Peete] - 


Pour déterminer les constantes A, …, F examinons des cas particuliers. 
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A) Une partie des la fonction d’interaction reflète des interactions pour 
lesquelles est valable le principe de la superposition. Cette partie a la forme: 


A ari 
rs er (Dis 0 ED) 


Soient les vitesses des particules égales: 0, = V2, = 0, 


. Vu qu'ont lieu des 
interactions s’intégrant dans la théorie restreinte de la relativité, la fonction 
d'interaction s’écrira comme suit: 


7 se confond avec la distance des points dans le système K. En appliquant les 
formules de transformation de Lorentz pour le quadri-vecteur aux composants 
A}, A= (i/e)g*, nous obtiendrons pour le système K: 


Km,m a Km,m il 
* ; OL 02 } Fi pe Lele * . 01 02 ANA DT 
A6 ra DINE AG ri (07 — ip — pe” AVEC pe > ; 
et 


V1 — v/e? 


y o _ | 
PF =} Laga CRA 


r étant la distance des points dans le système Æ 


DD ONE 


re pre 2 
Av, — g* = K Mo Moe 1 v Ur 
su r Qc? 2e) 


Nous avons donc obtenu pour la fonction d'interaction 


(11) TEC ibe Ms (1 1 


il 
- 9) DE — q 
y 22 Via V2.0 2? Vir Var , 


di 


qui est le correspondant gravitationnel de la formule de Breit. 


B) Dans ce qui suit nous établirons la fonction d’interaction s’inté- 
grant dans une théorie non-linéaire. 
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Dans le cas ma My % est négligeable, dans le cas mo € Mo C'est Vy qui 
est négligeable. Nous avons déjà établi la fonction L pour ces cas particuliers (3). 
En tenant compte du fait que dans les cas particuliers v, et v, représentent des 
vitesses relatives, nous aurons, dans le cas des coordonnées harmoniques et 
ordinaires respectivement 


12 K Mor Moo (Mor + Mo) | 3K Moi Mes hi , d 
(12) car DONI CAI dra (Via — Vea) (Via — Vea) è 
D 
et 
K Moi Moz (Mor + Moz) K Mo Moe 
(13) x 7 [ (Dix Vea) (Vr Usa) + 2( Or Vor)? | o 


26272 2677 
Nous aurons encore pour la différence de ces expressions (*): 


À KM Mon dia — Lan) (Via FA Vo) 
dt er. 


La somme des expressions (9), (11), (13) respectivement (9), (11), (12) nous 
conduit & la fonction de Lagrange donnée respectivement pour le cas des co- 
ordonnées ordinaires et harmoniques. Pour les coordonnées harmoniques nous 
avons retrouvé la fonction de I. G. FICHTENHOLTZ. 

Avant de commencer Vétude des systèmes de points, récapitulons les ré- 
sultats obtenus: 


a) les fonetions L données pour l’intéraction des deux points matériels 
sont équivalentes. Il est convenable d’utiliser celle, pour laquelle nous obte- 
nons Vexpression la plus simple: (12) résultant pour les coordonnées harmo- 
niques; 


b) en appliquant notre procédure, l’on peut obtenir d’une manière très 
simple des approximations du troisième ordre, 


c) concernant la structure de la fonction L nous avons obtenu ce qui 
suit: la fonction L se compose de trois termes (L= L,+L,+L.). Ly est he 
au mouvement mécanique des particules, L,. exprime Vintéraction des parti- 
cules avec le champ gravitationnel, L, est le terme propre au champ. La fone- 
tion d’interaction (L,.+ L,) se compose des termes s’intégrant dans une théorie 
linéaire et d’autre part dans une théorie non-linéaire; 


d) pour la signification physique des termes entrant dans la fonction 
d'interaction nous possédons les données suivantes: 


Dans la partie qui reflète des interactions s'intégrant dans les théories 
linéaires, à côté du potentiel newtonien figurent des termes exprimant Vin- 


bel 
(©) 
~~ 
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teraction des courants gravitationnels (la masse m, représente une charge 
gravifique nm). L'apparition de ces termes témoigne de Vexistence d’in- 
teractions gravitationnelles de type électrique tout aussi bien que de type 
magnétique (1). 

L'expression s’intégrant dans la théorie non-linéaire reflète deux effets. Le 
terme purement statique exprime l’autoaction du champ, tandis que le terme 
dynamique exprime le fait que le déplacement relatif des particules est entre uve 
partiellement (ceci a pour conséquence l’augmentation de la masse de repos, 
done Vapparition d’une masse gravitationnelle). 

Ci-dessous nous allons établir la fonction L pour le système de n points 
matériels, tout en nous servant des résultats obtenus. 

Concernant Vexpression L, nous avons 


(4) L, =~ m0 fa À. 


Pour déterminer L, nous procédons de[la manière suivante. Les points soient 
en repos, à exception du point 7. Dans ce cas-ci nous aurons pour le point 7 


ds? = e? (1 2 | 2 ze 1 dt? (i L 2 Li Ger 


(È Gai 
ou 


KM, 


(nd 


avec Vig = |P 
% Vin 
Etant donné que 
L, dt = — my; ds; 
nous avons 


2 7 
L Pi KMoyMoa Moi Km 
. = tie ò 2 DES 02 ok oi 5 0% 
(L.); = Moi Gi — Mi — = 2 du > A 


2c? 


Por Par 
done 
TAG m ql K Ò 
F + Di” Or Al Mor 
(15) =): ns oeil > 
= ik [Pore AC (3 k Tk 


Tenant compte des expressions (11), (12) établies pour le cas des deux point 
matériels, nous aurons: 


3 KM: Mon 
(16) L..= D —— (vi. — v4)? — 


2 ; 
40? 5% Yin 


i Km; Mox 


AG? > 


ik Vin 


Fr; 


[(v,, Di) + (Vi, Mix) (Vp, 7x) | ou ny, = 
Tit 


La somme des expressions (14), (15), (16) nous conduit à la fonction de I. G. 
FICHTENHOLTZ. 
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3. — Interaction gravitationnelle des corps matériels en rotation. 


Sous ce point nous allons examiner interaction de deux corps en rotation. 
Les résultats developpés ci-dessous sont ceux mentionnées dans  l’intro- 
duction (c), d), e)). 

En nous servant des résultats établis, nous allons démontrer qu’en partant 
dè la fonction de Lagrange de I. G. FICHTENHOLTZ nous pouvons donner la fone- 
tion de V. A. Fox par une méthode directe, sans que le théorème du moment 
de la quantité de mouvement soit utilisé. 

En effet, nous avons deux systèmes de points peuvant être considérés 
comme étant en mouvement fixé, pour une durée suffisamment longue. Intro- 
duisons les notations suivantes: w,, w, — vecteurs de vitesse angulaire; R,, 
R, = vecteurs de position pour les centres des spheres 1, respectivement 2; 
r, est le vecteur d’un point de la sphère 1 mesuré du centre de la sphère; 
r, est le même vecteur pour la sphère 2. Soient encore R — R Ree 
R,, = R+r,—r,. Nous supposons que les fonctions de la densité sont 


Mi Moi Li 3) 
i 


(Moss % Sont des constantes, a, est un rayon sphérique), et que les rayons 
gravitationnels des sphères sont plus petits que leurs: rayons géométriques: 
M= (Km) << ay. 

En utilisant la fonction de I. G. FICHTENHOLTZ, nous avons 


(1670) L, = — > Juve — vi dr; , avec V; = Lio + (0; XTi), 
i 


où v, est la vitesse de translation pour le centre de sphère à, et 


Piu edridr se aid do: 
Dave | fe : + mè a 
15) ; ‘| Re Sr RR , 


2 


(pour Z, nous avons négligé des termes à valeurs insignifiantes dans le cas 
di € di). 


[Etre R,,)(v,, Ry, 
(19) De] [RE [Bet + 8h — Tle 2) (01 Rio) (02, Ru) 
A V12 


EU) (rt) (n 
Fia Lo + ibs =r IL; e 
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L® est un terme de translation pure, LU? est un terme de rotation-translation, 
IL” représente un terme de rotation pure. Mal hes 

Les expressions obtenues peuvent être appliquées aux corps ee forme 
quelconque. En appliquant les résultats à l’intéraction de cena, ie en 
rotation, nous obtenons les expressions appliquables pour le cas ou la pane: 
des centres est d’un ordre de grandeur plus grande que les rayons des sphères: 


Mor 1% a Mes ad 0, uso 
(20) IMA 9 Wi 3 Se? CHT Gaga Vin 
A a ; a 
a 
T 4 
O; satel (4:0, i 
ug (Wi) Wx)? + - 35€? Moi dei Toei 


V, est le volume de la sphère î, ©, le moment d’inertie du corps è pour un axe 
passant par le centre. 


O 2V,aî 5 
sea doi a; 5 
i 5 L i 7 î 


7 n 2 n 2 
MN ge KP Fy Mop A Mg Mos 
OR? rt 2c? Jae 


ARI 


7 T 2 T 2/1 
K? moo Vii (Tor — Dax) + Mi, Vad (Too — 5%) 
= i eee 9 
70¢c? RA 


d 2@R R? 4c° R3 
30,0, BK (0145, R)(v: R) 50,0, 
(mu 04 Mo, = ) | ( nr 0 (m0 + nio a Pr 
Kmy0 Kmo9: 
(23) LE = eps (@uR, 301 — 4020) — pr (Wa, R, 30, — 4040) , 
KO,0, 


(24) i 


S| iy On) Sais Fissi > 


3(w,, R)(w., * 3K mp0, oi + M0: 0 
Les fonctions d'interaction ci-dessus contiennent des termes s'intégrant dans 
une théorie linéaire (par exemple le terme exprimant l'interaction des courants 
gravifiques), et des termes s’intégrant dans les théories non-linéaires (auto- 
action du champ, autoaction des corps ayant lieu par le champ). 

Les résultats obtenus sont en concordance avec les résultats de V. A. Fox. 
Nous avons complété ces derniers — dans le cas de deux sphères — avec le 
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terme concernant l’interaction des moments gravifiques. Ce moment est donné 
par l'hypothèse 


(25) Ma Si 


où Men est le moment de la quantité du mouvement. Le terme concernant 


l'interaction des moments gravifiques prend la forme: 
Li 


(ME, Myr) R® — 3(M2, R) (Me, R) 
hl a 


(26) 4 


Cette expression est analogue à celle concernant l’interaction des moments 
magnétiques (l’analogie sera encore plus parfaite si nous ne tenons compte 
que de la partie due à des interactions linéaires, égale à la quatrième partie 
de l’expression (26). 


J’exprime ma profonde gratitude a MM. les Professeurs O. ONICESCU et 
T. T. VESCAN pour les précieux conseils qui’ils ont bien voulu me donner. 


RIASSUNTO (*) 


Si danno alcuni risultati concernenti la struttura e i legami delle funzioni di La- 
grange che sono state date per il caso d’interazione gravitazionale dei punti e dei 
corpi materiali. Nel caso di due sfere rigide in rotazione (per le quali la distribuzione 
della densità è data dalla formula di Roche) abbiamo ricavato la funzione L, che 
si applica nel caso in cui la distanza dei centri delle sfere è almeno di un ordine di gran- 
dezza maggiore della lunghezza dei raggi delle sfere. Si introduce la nozione del mo- 
mento gravitazionale dimostrando che per l’interazione dei momenti gravitazionali 
sono valide espressioni analoghe a quelle per l’interazione dei momenti magnetici. 


(*) Traduzione a cura della Redazione. 
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Dispersion Relations and Vibrational Frequency Spectra (*). 


A. A. MARADUDIN and G. H. WEISS 


Institute for Fluid Dynamics and Applied Mathematics, 
University of Maryland - College Park, Md. 


(ricevuto il 22 Ottobre 1959) 


Summary. — Many relations have been given connecting the dispersion 
relations and frequency spectrum for a vibrating lattice. It is the purpose 
of this paper to show that these relations can all be derived from a 
single integral representation by using different representations of the 
ò-funetion. 


One of the most fundamental problems in the theory of lattice dynamics 
is the determination of the frequency distribution function or frequency spec- 
trum from the dispersion relations. The dispersion relations express the normal 
modes of à crystal in terms of the components of the wave vector for the 
propagation of elastie waves through the crystal. This type of problem can 
be stated in quite general mathematical terms and also arises in many other 
situations in statistical mechanics. Several methods for finding the frequency 
spectrum from the dispersion relations have been proposed and used in various 
problems; however, the derivations given are of different forms making it 
difficult to see a unifying relationship between them. It is our purpose in this 
paper to show how these different expressions for the frequency spectrum in 
terms of the dispersion relations can be found as the several different forms 
of the same basic formula. Since most of the formulae to be presented here 
have already been given by other authors, we cannot claim that the specific 
results are new, but rather that the general method provides a convenient way 
of looking at such problems. Although it is not always possible to find the 


(*) This research was partially supported by the United States Air Force Office 
of Scientific Research under Contract AF18(600)1315. 
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frequency spectrum explicitly, it is very often the case that information about 
singularities and other qualitative features of the spectrum can be obtained 
by various approximate means from the formulae to follow. 

The usual derivation of the dispersion relations proceeds from the equa- 
tions of motion of the atoms in the lattice (!) 


mel Lv l' 
il We, = — 
(1) 1 k î(,) Lo le i Up (e) +) 


l È 
where %, L is the «component of the displacement of the k-th atom in the 
1-th unit cell from its equilibrium position; M, is the mass of the k-th kind 

LV : i 
of atom; and the (| di are the general force constants of the lattice which 


due to lattice periodicity depend on / and U only through the difference 
7—1—V. A running wave solution of the form 


Ni ut ee | 
Ua L —*_ exp [iwt — 2niy-x(l)], 


VI, 
transforms eq. (1) into 
(3) ou= > Css (, yy) ee 

pk 
where 
Di 1 i aa 
(4) (O | ) = =D | ) exp [2niy-x(l)] - 
AU VU, mi k k 


In eqs. (2) and (3) the vector x(l) is the position vector of the l-th unit cell 


(5) x(1) = la, A La, + l30;, 


where the a, are the primitive translation vectors of the crystal and the {1} 
are integers. We assume, following Born and von KARMAN, that the displa- 


cements %, I are periodic in a macrocrystal containing N° umt cells whose 
shape is the same as that of the primitive cell of the crystal and whose edges 


are defined by the vectors Na,, Na,, Na,. Equation (4) then tells us that the 
vector y is defined by 


n; 
(6) Dalia TT, 8) 


(1) M. Born and K. Huang: Dynamical Theory of Crystal Lattices, Ist ed. 
(London, 1954). 
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where n; are integers. This result implies that the allowed values of the 


vector y are given by: 


Bi da (nb! + mb + 13b*), 


— 
“| 
== 


where the bi are the primitive translation vectors of the reciprocal lattice 
and are defined by 


(3) a; bi = 6;;. 


di 
k k' 


we see that all distinct values of m? are obtained by restricting y to lie in a 
single unit cell in reciprocal space. This result in turn implies that the inte- 
gers n; take on the values 0, 1, 2, ..., N—1. It is easily seen that this proce- 
dure leads to the correct number of degrees of freedom for the lattice. The 


Since adding any multiple of bi (j = 1, 2,3) to y leaves ©, 1 ) atea nea 


coefficients Cy, 9 become 
| 6 > 1 l 
(0) sli de a) RP GEA, 
where 
9 
bi (a), = (Mm, M, Ms) « 


The allowed values of the vector @ are distributed throughout the cube two 
of whose diagonally opposite corners are located at (0, 0, 0) and (277, 27, 2x) 
with a uniform density of N#/(2z)3. 

This discussion is quite general. In some cases, most notably for body- 
centered and face-centered cubic lattices, a more convenient choice for the 
lattice translation vector x(/) is 


where a, is the lattice parameter and L,, J,, L are all even or all odd integers 
for the b.c.c. case, and three integers whose sum is even for the f.c.c. case. 
For these two cases the results to be derived are still] valid. 


From eq. (3) we see that the normal mode frequencies are the roots ot the 
3sxX 3s (k=1, 2,..., 8) secular determinant: 


(10) D(«?) == det Lo. È a CE bap One’ Sa 0 ; 
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The 3s solutions to this equation may be written formally as 
(11) we? = F,(0,, 0, , 03) (j =1, : 


and constitute the 3s dispersion relations for the lattice corresponding to the 
3s branches of the frequency spectrum. In what follows we consider one par- 
ticular branch, except where stated otherwise, and ask the following question: 
If G;(0*)d? is the fraction of normal modes with frequencies in the interval 
(02, 02 + da?) for the j-th branch, how can we find G;(@?) if we are given 
the function F,(0,,0,,0,)? The relation between G,(w?) and the distribution 
function for the normal mode frequencies g,;(@) is g;(0) = 20G;(@?). 

The basic relationship between G;(@?) and #;(0,,0,, 0) has been given by 
Bowers and ROSENSTOCK (?) 


(12) Go?) = | | | élu? — F (1, 92, 0,)] 40, 40, 40, . 
0 


Expressed in this form G;(©?) is normalized to unity. MONTROLL (*) has uti- 
lized the representation obtained when one uses the formula 


(ce) 


tT 
(13) 0(2) = Je? [— ivy] dy . 


=. 


With an interchange of the orders of integration we find that 


(14) G;(03) = a fesp [— iyw?| dy a | [Jes [iyF;(0,, 0,, 03) dû: dû: an ; 
LIT I 
— © 0 


i.e., the frequency spectrum is proportional to the Fourier transform of the 
function 


1 di 3 
(15) fily) = a] | [exe [iyP; (01, 92, 03) ]A0, dd, dd, . 


This form for G;(w?2) has recently (4) been shown to be particularly useful as 
a basis for a unified discussion of the singularities in the frequency spectrum 


(2) W. A. Bowers and H. B. Rosenstock: Journ. Chem. Phys., 18, 1056 (1950). 

(3) E. W. MoxmroLL: Proc. Third Berkeley Symposium on Mathematical Statistics 
and Probability, 1st ed. (Berkeley, 1956), p. 209. 

(4) A. MarapuDpIN and J. PERETTI: Comp. Ren., 247, 2310 (1958). 
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associated with analytic critical points in the surfaces of constant frequency 
in 6-space. 
Use of the Laplace transform form for d() 
C+io 


Il 
(16) NEA a le? [vy] dy , 


C-io 


leads to the equivalent expression for G;(w?) 


C+io 

Ÿ 2 È = 2 

(17) Go!) = 5 fi exp [yo?]fily) dy, 
c_ io 

where 

1 Ti 
(18) ji) = S| | feel — WF Bas 0010, 40.80, 

0 


Another representation which has been found useful in theoretical investi- 
gations, due, in different forms to Dyson (5) and PERETTI (°) can be obtained 
by using the identity 


de € ARI il 1 d 
(19) da) = > dim, a im Im SNA = > jim Im Fe log (x — 1e). 


Tf changes in limiting processes are freely allowed we find 


(20), (o) = = lim I rf] d0, d0, db; > 
E>0+4 Co? es ie uff: Ho oy 05) 


log (co? asa ie = Ff, (Bis bi, 03)) dé, dé, dé. . 


= — lim Im 
ip ae dm? 


This last integral can be put into a more suggestive form. Suppose for the 
moment that we return to the discrete problem of a lattice containing N° unit 
cells. The secular determinant D(w?) can clearly be written as 


(21) D(@?) =i TI (@? — F;(0,, 0,, 005 


j=1 60,,0,,0% 


(6) F. J. Dyson: Phys. Rev., 92, 1331 (1953). 
(9) J. Pererri: Journ. Chem. Phys. of Solids (to appear). 


412 


DISPERSION RELATIONS AND VIBRATIONAL FREQUENCY SPECTRA 413 


so that 


(22) log D(w*) = —, SE [lf [o? — P;(0,, 0, 03) 40, dO, dB, . 
v g=1 


Hence, if we know the function D(w?) we see from eq. (20) that 


Be 1 d 
(23) G(w? Ss G;(0?)= — lim Im re log D(m? — ie). 
o) 


rasi aN3E->0+ 


PERETTI (6) has recently emphasized the usefulness of the function F(z) = 
= (1/N*)(d/dz) log D(2e— ie) in discussing singularities in frequency spectra. The 
function D(z), as a function of the complex variable 2 can be shown to be de- 
fined everywhere in the ¢-plane except for a branch cut connecting —q@, to 
©, along the real axis, where ©, is the maximum allowable frequency for the 
lattice. 

The result given in eq. (23) can be proved more rigorously by means of 
Hilbert (7) or Stieltjes (§) transforms. It can be shown that the expression 
in eq. (20) is related to the Lippmann-Schwinger formulation of scattering 
problems. 

Still another representation for G;(©?) can be obtained by nee the 
6-functions in terms of a complete orthonormal set of functions {g,(2)} with 
the aid of the relation 


(24) (x fra y) > Pn (€ Pn (y) 


which implies that 
ib foo) 
(25) GAO > sto | nl #5 (01, 02, 93)] 40, dO, db; . 
n=0 
0 


This type of result has been extensively used in connection with the method 
of moments (°). If we take our orthonormal functions to be the Legendre 
polynomials we obtain the result that 


pers P(0) || [P.{#:(01- Bos 670, 40, 80, 
0 


> 


. 1)2 = 
(26) G;(©3) at, on I 


(7) E. C. TrcHmarsH: Introduction to the Theory of Fourier integrals, 1st ed. 
(London, 1937). 

(8) D. WippER: The Laplace Transform, Ist ed. (Princeton, 1946). 

(9) E. W. MontRoLL: Journ. Chem. Phys., 10, 218 (1942); 11, 481 (1943). 


27 - Il Nuovo Cimento. 
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In most cases of interest it is impossible to find more than the first few terms 
of this series, so the method only suffices for approximate calculations. The 
Legendre polynomials are particularly useful in this connection since they 
can be written as 


gn_zk 


x. el (__] )* on — 2k 
(27 ) P, (x) = D On 
a 2k, n—k, n —2k 


k=0 


a ; : ‘ 
where , | denotes a trinomial coefficient. However we also have that 
9 9 


(28) [frase }.d0,d40,d0, = ua; 
DI 


i= 


where u,, is the 2k-th moment of the frequency distribution function. Hence 
G(æ?) can be written as 


| e 1 pus (1) Qn — 2h 
(29) Cd) = IZ (02 - en 
PATES 4 2, 2° |9%, n—k, n—2k ee” 


where the w’s can be found from traces of powers of the dynamical matrix. 
Still another representation of d(#) valid in the finite interval (*) (—1, 1) is 


(30) ô(æ) = lim A,(1 — 4°)", 


n—>oo 


where A, = (2n+1)!/[(m!)? 22"+1]. This representation leads to the result 


Olio; See ene (91, 92 85) — 
G; 42 lim i 1) ACI) 
ee a wi 2e 2ant2 (n1)? TE (i io 2) È CAE 


0< w?< w?/2 
(31) = = L| DI 


La iL i È (2n+1)! F F;(0 02, 03) — w? 2in 
dA 7 iS D2n+1 (n!)2 [ll 1 | 1) " 3 | | dé, dé, db; . 
0 


wrl2<w<o?. 


It is seen that for finite » this leads to a polynomial expansion of G(w?), the 
coefficients again being found in terms of moments. This method has recently 
been used in a study of the spectra of disordered lattices (19). 


(*) We need only restrict our considerations to a finite interval in lattice dynamics 
problems since it can be shown that the frequency spectrum of such a system must 
be bounded. 


(1°) C. Doms, A. Marapupin, E. MontRoLL and G. Werss: Phys. Rev., 115, 8 
(1959). i i 
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Finally the 6-function formula 


(32) foca = ee, 


where the x, are simple roots of f(x) = 0, is well-known in one dimension. In 
three dimensions the analogous formula is 


as 
(33) |} [ove (0,, 0, 95) ]d0, 40, 40, aa: 


where S is a surface of constant frequency given by G(0,,0,,0,)= 0. If we 
take the element of volume as dSdu, where w is the co-ordinate perpendi- 
cular to S, then integrating over y and noting that the directional derivative 
along u is grad G we immediately derive eq. (33) from eq. (12). Thus 
we have 


ds 
34 Gla 
(84) ie =<) | rare lu 


F;(0)= a? 


This expression for G;(©?) has been used by vAN HOVE (1) in a discussion of 
singularities in frequency spectra. 

From our discussion it can be seen that there are as many relations be- 
tween frequency spectra and dispersion relations as there are representations 
of the 6-function. We do not expect that the particular cases that we have 
cited here completely exhaust the range of useful possibilities, but that the 
variety of possible relations has been suggested by our illustrations. 


(1) L. van Hove: Phys. Rev., 89, 1189 (1953). 


RASS UNE O: (7) 


Sono state formulate molte espressioni che mettono in rapporto le relazioni di disper- 
sione con lo spettro di frequenza di un reticolo in vibrazione. E scopo di questo articolo 
mostrare che queste relazioni si possono tutte derivare da un’unica rappresentazione 


integrale usando diverse rappresentazioni della funzione è. 


(*) Traduzione a cura della Redazione. 
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(ricevuto il 23 Ottobre 1959) 


Summary. — A general method is given for normalizing Feynman ampli- 
tudes and using them to calculate expectation values. The method is 
easily applicable to bound states and composite states. Two applications 
are considered in detail. The first example is the normalization of Bethe- 
Salpeter amplitudes, where it is found that previously suggested normal- 
ization conditions are inadequate. The second example is the renormal- 
ization of the electron amplitude for first-order self-energy processes, 
and here a method is suggested for making the self-energy finite. The self- 
energy is three times the energy of the bare electron, in this approximation. 


1. — Introduction. 


The main advantages of Feynman’s approach (') to quantized field theory 
were the simple physical picture which it provided of the intermediate pro- 
cesses in the interaction of the elementary particles, and the possibility which 
it seemed to offer of dispensing with the cumbersome traditional techniques 
of field quantization. The fact that these advantages have not. completely 
matured can be traced to the difficulty which has been experienced in the 
physical interpretation of the Feynman amplitudes, due mainly to the absence 
of any clear prescription for the normalization of these amplitudes and the 
formation of expectation values of quantities of physical interest. While Feyn- 
man’s approach has been useful (quite apart from its contribution to compu- 
tational techniques) in suggesting new departures, such as the Salpeter-Bethe 
equation (?), it has always been necessary to resort to the older methods to 
provide the necessary justification and physical interpretation. 

ae (A a oh 


. P. Feynman: Phys. Rev., 76, 749, 769 (1949). 
(2) E. E. 


SALPETER and H. A. BETHE: Phys. Rev., 84, 1232 (1951). 
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The present position is that, while the Feynman « rules » are adequate for 
the normalization and interpretation of amplitudés which involve separate 
particles in the initial and final states, there is no simple extension of these 
rules to situations where bound states or composite particles are involved. 
Progress in this direction has been made through the work of MANDELSTAM (*), 
NISHIJIMA (4) and ALLCOCK (5), but it cannot be said that the results are intui- 
tively obvious or easy to apply. Also, nothing yet seems to be known about 
the interpretation amplitudes representing bound states of three or more par- 
ticles, such as the triton. The present paper has as its object to suggest a 
general prescription for the interpretation of Feynman amplitudes, which 
applies to arbitrary systems of independent or composite particles. 

Quite apart from problems involving bound states, it will be suggested 
that this approach may be useful in dealing with questions of renormalization. 
There is something to be said for the point of view that the difficulties asso- 
ciated with mass and coupling renormalization arise from the fact that ele- 
mentary (« bare ») particles are commonly substituted for particles which, in 
nature, have a composite character. Thus, in nature, an electron cannot be 
separated from its attendant photon cloud, and the pairs formed by the pola- 
rization of the vacuum; it is therefore a composite particle, and if it could be 
treated as such from the beginning no need for the renormalization techniques 
would arise. But in fact the methods for dealing consistently with composite 
particles of this kind are hardly developed. This is clearly a very complex 
problem, but some indication will be provided below of how at least an ap- 
proximation solution may be obtained. 

The main result on which these developments are based may be stated as 
follows. To every amplitude w there corresponds a source s, and the combi- 
nation p= i(stw—u's) is the probability per unit volume and time that the 
state represented by the amplitude % will be liberated from the source. This 
statement provides a normalization for both « and s. The following section 
is devoted to the demonstration that the consequences are correct and in 
agreement with known results for independent particles. It will then be shown 
how the same statement can be applied to systems of particles, and compo- 
site particles. One or two examples will be discussed afterwards to show how 
the method works in detail. 

Notation: V, or V,, will represent the four-vector differential operator; 
v2, or V’V,, the d’Alembertian operator; y:V, or y°V, will represent, the 
Dirac operator; g,, the metric tensor, has gu = 922 = 9sa = —1 and fu = + ihe 


(3) S. MANDELSTAM: Proc. Roy. Soc., A 233, 248 (1955). 
(4) K. NISHIJIMA: Prog. Theor. Phys. 13, 305 (1955). 
(5) G. R. ALLCOCK: Phys. Rev., 104, 1799 (1956). 
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2. — Single particle amplitudes. 


In field theory one encounters a variety of relativistic wave equations, 
for example 


(1a) (V2 u)p=0, 
(1b) —iy V+u)y = 7%, 
(1e) NEA 


which are all of the general type 
(1) FiV}u(x) = o(2), 


where w(x) is the unquantized field variable (scalar, spinor, or vector) and 
o(x) will be called the field source function. 

It is not usual to include in o(#) sources which lie outside the region of 
observation, and for this reason w(x) is not completely determined by o(x). 
To overcome this difficulty, the region © of observation will be assumed to 
be defined explicitly, for example by |#,|< L, (k=1, 2,3) and |a,|< 7. A 
particle created outside this region, or an anti-particle annihilated outside the 
region, can then be represented by a source function 0,(x) distributed over 
the boundary of 2. The field w,(x) satisfying the equation 


(2) F(iV) usw) = o(0) + (a) = 8,2) 


will then differ from «(x) only outside ©, and will be completely determined 
by the combined source function s,(#). In faet, the solution of (2) is 


(3) u:(æ) - [Ela a) dt, 


where K(#) is the « causal» Green’s function corresponding to the differential 
operator F(iV), i.e., the Green’s function which involves only positive fre- 
quencies for large positive values of #,, and only negative frequencies for large 
negative values of a. | 

An anti-particle created outside the region ©, or a particle annihilated 
outside this region, will be represented by another source function o_(#) distri- 
buted over the boundary. The field w_(x) defined by 


| F(iV )u_(x) = o(x) + o_(x) = s_(a), 


(4) cma hire Ret, 
| u-(0) =|K(a—a')s_(a') dix’, 
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will also differ from u(#), and therefore from w(#), only outside the region 
of observation. It should be remarked that o.(x) involves. only positive fre- 
quencies, and o-(x) involves only negative frequencies. An important problem 
of field theory is to determine o_(~), where o,(x) is known, or o4(#) when o_(a 0) 
is known. 

Corresponding to the field variable u(x), there is a conjugate field u'(x), 
constructed from but not always equal to the complex conjugate w*(x). For 
example, with reference to (1a), (1b) and (1c), the following are conjugates 
of y, y and A,: 


(5a) gp" (x) = p*(x), 
(5b) y'(a) = ty" (a), 
(5c) Ai(a) =— A (a) . 


In (5b), the positive or negative sign must be chosen according as y(x) involves 
positive or negative frequencies; if necessary y(æ) must be resolved into two 
parts and this rule applied to i part separately. (In practice, it is SAI 
more convenient to construct ot from o,, and to deduce the values of ot and u' 
from the conjugate field IAT ut(a) F(iV*) = 6Ÿ(x) + 6 * (@).) 

The usual way of normalizing the field variable is by way of the particle 
current. The current four-vector corresponding to the three examples enu- 
merated above is 


(6a) j,= (ppi 49) 5 
(6b) = VV 
(6c) A= (A Ar AAA) ; 


where y, means dp/dx%, etc. The general formula, which will be needed sub- 
sequently, has been given by the author (°): let G(iV, iV") be defined by the 
identity 


(ei FGV) — FV’) =— i(V,— Vy AY, iV') 


and let u*V* be interpreted as — Vu‘ (so Vj means — d/da’, acting back- 
wards); then 


(8) j= wWariv, iV')u 


Tf one wishes to describe a situation in which there is Just one particle or 
anti-particle on the space-like surface S, w will be normalized in such a 


(6) H. S. GREEN: Proc. Roy. Soc., A 197, 73 (1949), Sect. 4 
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way that 
(9) fi ds, = = al ’ 


the positive sign being chosen for a particle, and the negative sign for an anti- 
particle. If the particle (anti-particle) is a free particle with momentum p, 
which is of course only possible where o(#) in (1) is zero, one sets 


vi = exp| + i(pa— Pots) |, where Do = (P?+ pe)? and for k=1);2, 3, 


ny = Lp,/a is an integer; the normalization (9) then gives the well known 
expressions 


(10a) g(x) = (2p.V) exp [+ ipa — poms)] ; 


p(x) = (2poV) À exp [+ i(p:x “n Po.) | LX, (p) , 
(10b) X,(p}X,(p) =4{+ (My Py) +4}, 


A (a) = (2p0V) À exp [ + i(p-% — pa) |e,(p), 


(10€) e(p)e,(p) =1, p'ep) AU 


Now when the particle is not free, this method of normalization can be 
applied only with difficulty, and it is convenient instead to apply some con- 
dition to the source. It is here that a simple physical interpretation of the 
field theory is of great assistance. The following is asserted: if u(#) is any 
field variable, and s(x) the corresponding source, the probability per unit time 
and per unit volume that a particle will be created by the source, or that an 
anti-particle will be annihilated by the source, is 


(11) p(x) = à {u'(æ)s(æ) — s'(x)u()}. 


A negative probability that a particle (anti-particle) will be created (annihi- 
lated) is interpreted as a positive probability that a particle (anti-particle) of 
this kind will be annihilated (created). The probability of finding a particle 
or anti-particle 


wu 


(12) Pa + [rit RE 


where p.(x) is the density, constructed from the source function s(x). The 


positive sign being chosen for a particle and the negative sign for an anti- 
particle. 


420 


NORMALIZATION AND INTERPRETATION OF FEYNMAN AMPLITUDES 421 


To support the above assertion, it will be shown that it leads to the same 
iormalization as the method already described, where both are applicable. Sub- 
tituting F(iV)u(x) for s(#) in (11), one finds 

p(a)= iu'(x) {F(iV) = P(iV*)} w(a) 
13) = u*(Vi,— Vi Gy, iV*)u 
= V,j(æ) ’ 


where j?(x) is defined by (9). Thus 


& 
(14) P,=+ | Pas, 
and the condition (9) is equivalent to the statement that the probability P_ 
is 1. It is not necessary to attach the suffix + to j? in (14), because within © 
jà and j? are the same. From this identity it can be inferred that 


[col 


sE | px(x) dx , 


S 


(15) P,, 


I 


which is of course necessary for the consistency of the theory. 
It is useful to have the normalized sources which create the fields (10a), 
(10b) and (10c) (apart from a constant factor of modulus 1) within Q; they are 


(16) 6 .(@) = (2p/v)*? exp. [+tp-x] (ma + T), 
(16b) 1 (œ) = Œ@uv) Ÿexp [tip:x]}X,(p) dla. + T), 
(16€) Ji (a) = (29/0)? exp [+ ip-x]ep) d(a + T). 


If the corresponding fields are calculated from (3), the probability P_ defined 
by (12) is automatically 1. 


3. — Interpretation of amplitudes. 


The assertion that p(x), defined by (11), represents the rate of production 
per unit volume, of particles of the particular kind represented by the field 
variable w(x) suggests the further assertion: if M is the operator representing 
some measurable quantity associated with the particles produced, the rate of 


onl 
n 
dal 
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production of this quantity by the source, per unit volume, will be 
ifut(æ) M's(a) — s'(æ) Mu(x)}. 

One is thus led to expect that 

(17) pile) = un(e) 8(2) + sY(œ) (0) 


will be the rate of production of momentum and energy by the source. Again 
substituting F(iV)u(x) for s(x), this can be written, 


(18) pa) =u'{—VIFGIV)+ P(iV*)V,}u = 3u'(V, + VI{FUVI) — F(iV)}u + 
+ 3u'(V\— VI{F(IV') + FUV)}u =V,7,", 


where 


| Tt = tint V, + VI G4, iVi)u—Vò,, 
(19) 
| (ar) = — {5%(o) + es}. 


As the author has pointed out elsewhere (*), 7," is the general formula for the 
canonical energy-momentum tensor for the field w(x), and 


S 
(20) fu -[m ds, , 


is the total energy and momentum associated with the field, on the space- 
like surface S. The interpretation which as been given to p,(x), as defined 
by (17), is thereby confirmed. 

Another verification of the interpretation which has been given to p(x) 
and p,(v), which is more general though more abstract, may be obtained 
starting from the observation that V(x), in (19), may be regarded as the action 
density associated with the creation and annihilation of particles by the source. 
If one applies the infinitesimal gauge transformation « — (1 — ide)u, keeping 
o fixed, one finds that 


Via) > V(a) — 3dep(2), 


with p(«) given by (11). Similarly the infinitesimal displacement u(x) > u(r +dx) 
induces the transformation 


V(x) >V(a) — 46a" p (x) i 
with p,(x) given by (17). 
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A similar consideration determines the rate of generation of angular mo- 
mentum be the source. The application of an infinitesimal Lorentz trans- 
formation to «(x) has the effect 


oie u(w) > (1+ i8,,60")u(2° + 20,60") = 


= ua) — 00 (8, + iv, V,_ ia, V UL) , 


where do!+ do! —0 and $,, is the tensor operator representing the spin 
angular momentum. When s(x) is kept fixed, this induces the transformation 


V(x) > V(x) —260"'p (2) , 
(22) P yg\®) = i(utd,,'s — SI) 


Je = (a, N, — æ,V,) NE 
in V(x). The tensor p,,(#) obviously represents the rate of transfer of angular 
momentum from the source to the particles which it is creating. The invariance 
of V(x) with respect to co-ordinate displacements and Lorentz transformations, 
and the symmetry which it exhibits with respect to u(x) and s(x), will ensure 
that the energy, momentum, and angular momentum gained by the particles 
are precisely the same'as lost by the source. This invariance also ensures that 
the operators F(iV) and J,, will commute, so that, by a calculation similar 
to (18), 

P (2) = VW}, 
(23) 

Mi, =al'_a,t'+tu 8,04 GS, ju, 
where M di may be identified with the angular momentum current tensor of 
the field. 

So far, there has been a derivation in a somewhat generalized and unusual 
formalism of well known results of quantized field theory. The advantage of 
this formalism, which has still to appear, is that it is capable of immediate 
generalization to composite fields. The next section is devoted to this gene- 
ralization. 


4. — Composite field amplitudes. 
In a relativistic field theory, such as Feynman’s, without second quanti- 


zation, one is committed to a many-time formalism, with separate space-time 
co-ordinates, æ,, %, ete., for each particle a, b, etc., which one wishes to con- 
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sider. One has, therefore, an amplitude u(#,, 4%, +.) for each collection of 
particles which can be created by the source. If the particles are uncorre- 
lated, (#2, %,...) will be a product of amplitudes u(x,)u(æ,) for the indi- 
vidual particles, suitably symmetrized if necessary to take account of the 
quantum statistics of identical particles. To every amplitude « there is a 
corresponding source function s, the two being related by a differential equa- 
tion of the type 


(24) F(iVa, NES 5.4) U( Ley Vy 5 cant) = SE, Vp +4) È 


If the particles interact, the state of the system cannot be characterized by 
a single amplitude, and one has a set of such equations: 


(25) = 1S, NO D (Ore), (j=, 2, --.) 
k 


in which the sources 0, are distributed on the boundary of the region of ob- 
servation, and the 0, originate on a set of particles represented by the ampli- 
tude u,. Equations of this type can be derived from quantized field theory, 
as shown, for example, by the work of CAIANIELLO (7). They can also be 
formulated directly by semi-intuitive reasoning, based on Feynman’s (!) con- 
cept of interactions as quantum-stochastic processes, with the space-time 
co-ordinates as random variables and amplitudes instead of probabilities. 

Corresponding to any amplitude wu, there is a conjugate amplitude w’, 
constructed from u(%,, %, ..) as though it were a product u(a#,)u(a,)... of the 
simple amplitude considered in Section 2. This conjugate amplitude is con- 
nected with the conjugate source function ot by a differential equation of 
the type 


(26) (Day, Bg UV AV NS, tr 


The equations (25) also have conjugates 

97 pani cei Se i 

(27) UE; STORE 
k 


where Fi} ='F,(iV!, iVi, ...). 

The interpretation of this theory is a fairly obvious generalization of that 
sketched in the last section. The joint probability, per unit time and per unit 
volume, that each of a collection of particles (a, b, ...) will be created in the 
neighbourhood of the points #,, %,... is i(uts — stu), and the consequent 
index of production of an associated physical quantity, represented by the 
operator M, is i(u'M's — stMu). 


This bald statement needs to be supplemented by the observation that, 


(7) E. R. CATANIELLO: Nuovo Cimento, 11, 492 (1954). 
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where one amplitude w; has as its source 0, another amplitude u,, the creation 
density of the set j by the set k, given by i(ulo, — ou), must be off-set by 
the annihilation density of the set k by the set j; the relation 


(28) foie Gr +] Wit oO Un) dr — 0, 


must therefore hold identically. This serves to determine the relative nor- 
malization of the amplitudes w, and u,. Another point worth noticing is that 
the joint creation density 


(20) D(H gs nares = ifu' (a, Do) Der) (Lig i 29): 


is not simply the product of the separate creation densities p(#,)p(#,) ..., even 
where the particles are all different and uncorrelated; however, the difference 
would be hard to detect observationally, because only integrated expressions 
involving p(x,, 4», …) have direct physical significance. 

Tt will be found helpful to illustrate the above rather abstract discussion 
with a number of examples. Consider first a single electron, which can exist 
either as a «bare» particle, with amplitude w(#), or in an excited state with 
one photon present and amplitude v(x, y) — the space-time co-ordinate y be- 
longing to the photon. Self-energy processes in which two photons are « pre- 
sent » are neglected. The two amplitudes are connected by the equations 


(— iy:-V+ uju(x) = 04(x) + iey"v,(æ, £) , 


Vi(— iy: V, + y) va, y) = ti (a, y) — tey*d(y — x) u(x), 


{ut(a) iey*v,(a, @)} + I vi (a, y) iey* (y — æ)u(æ) dty = 0, 


the condition (28) is already satisfied. The probability for the creation of the 
electron by the sources o,(7) nad Ti (%, y) 18 


(31) P =|ifut(w)o,(a) — of (w)u(a)} d'a + 


= | ifor(a, y)t+(0, y) — ti (x, y)o(x, y)} d'a d'y . 


This must be equated to 1 to yield properly normalized amplitudes for a 
single electron. The usual practice of quantized field theory amounts to 


19 
mn 
= 
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setting t.(x,y)=0; this, however, has the disadvantage that the normal- 
ization factor involves divergent integrals. As explained in Section 6 below, 
this difficulty can be eliminated by a suitable choice for T4(2, y). 

As a second example, consider the formulation of the Salpeter-Bethe (?) 
equation for two fermions, interacting via pseudo-scalar mesons, in the ladder 
approximation. Strictly speaking, there are two amplitudes here also: one, 
u(ts, %), to represent a configuration in which no meson is present, and the 
other, v(x,, a, y) to represent a configuration with the meson «in mid-air ». 
The equations satisfied by these amplitudes are 


| (—y-Vat 4) lata, M) = 04 (aay do) + igysa0(Lay Lo, La) y 
(32) 


| (Ve +2" )( iy Vo u)v (Var Ly, y) = T+(Lay Lp, y) — 1955 0(Y— a) U (La To) + 


For convenience, Wick’s equation (8), which has the advantage that it can 
be solved explicitly (*), is stated here in a similar form: 


(Ve = n?) U(La, Lp) = O+(Lay Ly) + IGU(®a, Vy La) ’ 
(33) 
NEUV a )t (xe bay Pos Y) = T4 (a as Loy Y) — 1G O(Y — M) U (La, Fr) - 


The normalization of these equations which have so far been suggested (°) 
for bound states ignore the possibility of finding the meson «in the air». This 
s perhaps rigorously justifiable in the instantaneous interaction approximation, 

put appears rather objectionable in principle. It should be said, however, 
hat the amplitude in which the meson is « present » can be eliminated, leading 
= the equations 


(34) (— ty Vatu) ty Vit u)u(ca, %) = o(te, 0) + 
+ 9°Y5aY50 A (Hq — Mp) U(a, da) ’ 


instead of (32), and 


(35) (Vo + w)(V5+ 4? )u U(Va a) Ly) = == O(La; Ly) +e G? A(La — &y)U(La, Ly) 


instead of (33). (The symbol A has been used for the boson Green’s functions 
for zero mass, instead of the usual D, to avoid confusion with another use of 
D to follow.) The normalization problems which arise in connection with 
these bound-state equations will be discussed next. 


(8) G. C. Wick: Phys. Rev., 96, 1124 (1954). 
(*) H. S. GREEN: Nuovo Cimento, 5, 866 (1957). 
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5. — Normalization of bound states. 


The pairs of equations (32) and (33) will both be written in the abbreviated 
form 


Du = 6.+ 14%, 
(36) 
D,D,v = t4— 1404 , 


and the notation 


| D,= D'= Vi Vi, 


(37) D, — Dt =—iV,— Vi), 
| Di Dt = iv, NV}, 


will be used. The creation density for the amplitude « is 
(38) ©, = i(u'D uw — u' Diu) = V,,(u'G2u) , 
and for the amplitude 2», 
(39) C,= i(v'D,D,v — v' DI Div) = 
= 49, {0 (CD, + DIGO} + 3V a {0 (CD + DIGI}. 


Setting e = Etat), È=%a-%= 2(%#,—#) = 2(4@— %) and 7 = y —#, one has 


ei vive eV) N 


so that if ©, is integrated over all values of &, and ©, over all values of É and 7, 
one finds for the creation density of the mean centre æ 


(41) € sla ase +{fe. d'£ d'y = 


= Va È | u' Giu dE + - fato, + DIGI) v ase a 


The amplitudes w and v will be correctly normalized, provided 


(42) (IE fata d'é +3 foi, + Dig)vdaté a dS;, —1, 
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where S is any space-like surface intersecting the region Q within which the 
bound state exists. 

This normalization is entirely different from that suggested by the work 
of ALLCOCK (5), Biswas (1°) and ALLCOCK and HooTon (!), which even re- 
quires # to have different dimensions. The difference can be attributed intui- 
tively to the fact that these authors did not consider the possibility of finding 
the intermediate boson «in the air». As both of the amplitudes wu and ® re- 
present virtual states, if the particles & and b are bound, there is no satis- 
factory basis for attributing more importance to one than to the other; unless, 
perhaps, the instantaneous interaction approximation is adopted, when the 
intermediate boson has an arbitrarily short existence. One is therefore obliged 
to prefer the normalization of (42) to that which has been used hitherto. Yet 
it must be freely admitted that the method of normalization used may not 
affect the caleulated expectation value of a particular physical quantity; in 
fact, it will not if the latter is a constant of the motion. One will not there- 
fore easily find an experimental test to distinguish between the two methods 
of normalization; photo-meson production in deuterium might provide a 
counter-example, but even here one could no doubt calculate the cross-section 
correctly by suitably processing an amplitude which has been normalized by 
Alleock’s method. 

It will perhaps increase confidence in the method of normalization sug- 
gested here if it is applied to obtain Allcock’s result. This may, in fact be 
done very easily, proceeding from the equation (34) or (35), instead of (32) 
or (33), é.e., from 

DD = 


The associated creation density is 


(ie = i(u'D,Dyu— u'D'D'u) 
(43) 
= $V {u (GED, + DIG} + Vu (GiD, + DiGlu} 


and this gives normalization 


; il 
(44) | C1, dé dix = = | | uw (GG D, + DtG))u dé dS, = 


Li 


—_ 


As the notation here differs somewhat from that used by earlier authors, 
the same result is derived briefly by Biswas’s method (19) (which is equivalent 
to ALLCOCK and Hooron’s (11)) in an Appendix to this paper. 


(10) S. N. Biswas: Nuovo Cimento, 7, 877 (1958), Appendix IT, 
(11) G. R. Attcock and D. J. Hooton: Nuovo Cimento, 8, 590 (1958). 
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6. — Normalization with self-energy processes. 


Next the example introduced in Section 4 will be discussed in more detail. 
The equations (30) may be written briefly in the form 


Di = 64+ Et, 


(45) 
Did er EC, 


where v = v(x, x). The creation densities are 


Ci= tu (D Da, 


= V(u'G'u), 
for the bare electron, and 
(47) e DDD 
= $V, {0'(@'D, + Div} + Vif (D+ D'G)v} 


for the excited state. On integrating over all values of y, the second term in 
(47) disappeares, and the electron particle current is found to be 


3 1 : 
(48) ÿ = ut Fu + s/n, + DIG*)vd'y . 


“a 


This should be normalized in such a way that fjfas,=1. 

By using the current for normalization one eliminates the need to exhibit 
the source functions o, and t+ explicitly. But of course w and v depend on 
o. and t,, so that their absence from the normalization formula is only ap- 
parent. The usual renormalization procedure is to assume a « bare » source, 


i.e., to take t,=0, when integration of the second of equations (45) gives 


(49) v(a, y) -[4 (y — 2) S(x — 2) Eu(e) d*2, 


where A and S are the causal Green’s functions corresponding to D, and D 
When one sets y= to form », the coincidence of the singula- 
rities of A(x — +) and S(x — 2) makes the integral divergent. In spite of this 
divergence, the normalization can be carried out formally by the method de- 
‘scribed, and results in renormalized amplitudes « and v. The mathematically 


respectively. 
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unsatisfactory nature of this procedure is apparent from the fact that sue bare 
mass 4 (expressed in terms of the physical mass) and the source el logie 
both involve a meaningless divergence. It is interesting to see how this even- 
tuality is affected by introducing an excited source T;, as well as the bare 
source c,. The facility with which this can be done is the main advantage 
of the present formalism. 

There is, however, some difficulty in deciding what + ought to be. The 
wrong choice would mean that one was describing an electron in interaction 
with some external field, just outside the region ©, instead of a free electron, 
and would generate states including, for example, those which arise virtually 
in Compton scattering. There is some advantage in postponing the conside- 
ration of this difficulty and writing 


(50) TD Dre Fous 


where u,(#) and v,(#, y) are left arbitrary, except that of course u, and D,Dv, 
must vanish if x and y lie within the region 2 of observation. When (50) is 
used, (49) is replaced by 


(51) DD, + | ASB(u — U,) dz, 


if the co-ordinate variables are omitted for the sake of brevity. 

At first sight (51) looks little better than (49), from the point of view of 
convergence. It is possible to choose u, equal to w outside the region ©, so 
that no divergence arises there, and in this respect the use of an excited source 
has been advantageous. On the other hand «, has to vanish in Q, and there 
are still coincident singularities there in general. But it will be shown that 
these singularities disappear, when a suitable condition is imposed on w. 

Write 


(52) S(@—z) = (—ty-V.+p)A PCa 
or, more briefly, S=D,A,. Then 


(53) EASEu = 38 {A(D.A,) — (D.A)A } Eu + 3E{A(D.A,) + (D,A)A,} Eu: 


In the first term on the right-hand side, the coincident singularities cancel 


when y — x, and there will be no divergence when it is integrated with respect 
to < in Q. If one uses 


(25) IDE =D WA 
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the last term becomes 


(55) SEL A(D,A,) + (D.4)4,} Eu = —iey- V (AA ,u) — @A44,Du, 
where 
(56) D, =—iy V,+4du. 


The term — ie?y:V.(A4,u) reduces on integration to a surface integral on Q, 
where it can be compensated by an equal and opposite contribution from wa; 
this term can therefore be disregarded. The remaining term — e2 44 Da will 
will vanish, provided 


(57) (— iy: V + 4u)u(e) = 0, 


within ©, i.e., provided the physical mass is four times the bare mass, in this 


second-order approximation. If this condition is satisfied, all divergences can 


be made to disappear by the suitable choice of wu. The other function, 0a; 
contributing to 7, is still undetermined, and can be used to secure the equi- 
valence of (57) and the first of equations (45), i.e., to make 


(53) Ev = — 3uu 


within Q. The equation (51) gives 


ee 
| (59) Ev = Ev, += | E{A(D,A,) — (D. A) 4,} Bu dee , 


and the elimination of v between (58) and (49) gives the desired condition 


OD Va. 
Tt is interesting that the mass renormalization constant can be made finite 


by a proper choice of source function. This has been proved here only for 


i second order self-energy processes of a free electron but there is no obvious 


difficulty in extending the method to higher order self-energy processes, and 
it is known (2) that in interactions with photons self-energy and vertex-type 
divergences cancel. What has not been shown is that the polarization of the 
vacuum can be treated in a similar way, and the author does not know at pre- 
sent whether this is possible (*). If it were possible, the chances of reformulating 
quantum electrodynamics and other renormalizable field theories in a con- 


sistent way would appear much brighter. 


(2) J. C. WARD: Phys. Rev., 78, 182 (1950). 
(*) Note added in proof. — It is, at least for free photons. 
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APPENDIX 


Consider the equation 


[ D.D,U = 2, + G AU, Aaa Ge 


60 
ag | Zio, Ly) = Og Ya) OL — Yo) 


This is the same as the equation considered in Sect. 5. except that a special 
choice has been made for the source function which makes U a function of 
Yq and y, as well as +, and #,. However, the solution of D,D,u = ox +G2Aw 
can be expressed as 


(61) U (La : Ly) =| Te. Lp 3 Yas Yo) 04 (Yas Yo) d'Ya d'y» Q 


The differential equation (60) may be replaced by a corresponding integral 
equation 


(62) Ur Vy 3 Yas Yo) fi U (Ga; By 3 Yas Yo) aR 


Lo G? U,(%a; Ly Za ; Zp) A (2a “E &) Uli, 3 Ya , Yo) dz, dz, 9 


which can be written briefly U= U,+G?U,AU. A similar equation holds 
in the momentum representation, and it is this which is used for normalization 
purposes. Explicitly this is 


(63) U(p, g) = Us (p, q) + LA r)A(r, s) U(s, g)d*rd*s, 


where U(p, q) is defined by 


(64) | | | | U (Lay V3 Yar Yo) EXP [U(GaYa + Ys — Palla — Dit) A 4a, d4a, d4y, d4y, = 
= U(3Pa—3Pvs $4a — $4) (200)*6 (Pa + Dy — da — Go) » 


Although U is shown as a function of p=4(p,—p,) and ¢=4(Ga— ait 
depends in fact also on the resultant energy-momentum P = p, + Pr. If there 
is a bound state with energy H, U will have a pole for D? By onde can 
therefore be written in the form 


(65) U = (P2— E:)-1W, 
Assuming the energy level is non-degenerate, W will reduce to 
(66) W = u(p)ut(q) , for P? = Er, 


N 
oD 
dl 


Mo 
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Now, from (63) it follows that 
(67) We (PE) 0. EAU AW = 
= (P?— F)U, + @WAU,, 


for arbitrary values of P. Differentiating the first line of this equation with 
respect to P,, multiplying from the left by WA, and using the second line, 
one finds, for P?= F?, 


2P,WAU, + GWA (i Mie 
mi.c., 
(68) 2P,+ Guta (Ga PAR AD 
which can also be written 
(69) RP; (oa (D, D,)} uy 


since D,D, is the reciprocal of U,, and GU + du=w within ©. It is readily 
seen that this condition is equivalent to (44), when the latter is converted 
to the momentum representation. 


RIASSUNTO (*) 


Si espone un metodo generale per normalizzare le ampiezze di Feynman e per 
usarle per calcolare i valori di aspettazione. Il metodo sì può applicare facilmente a 
stati legati e a stati composti. Si studiano dettagliatamente due applicazioni. Il primo 
esempio è la normalizzazione delle ampiezze di Bethe-Salpeter, in cui si trova che le 
condizioni di normalizzazione precedentemente suggerite sono inadeguate. Il secondo 
esempio è la rinormalizzazione delle ampiezze elettroniche per processi autoenergetici 
del primo ordine. L’autoenergia è il triplo dell’energia dell’elettrone nudo, in questa 
approssimazione. 


(*) Traduzione a cura della Redazione. 
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A New Derivation of the Statistical Theory of Particle Production 
with Numerical Results for p-p Collisions at 25 GeV. 


IR, ah NG aD OIR AN 


CERN - Geneva 


(ricevuto il 30 Ottobre 1959) 


Summary. —- A new derivation of the statistical model for particle pro- 
duction is given, starting from S-matrix theory. Though the final formulae 
are essentially those used already in other recent publications, this deri- 
vation shows up clearly where the heuristic arguments come in and which 
are the weak points. One also sees that, contrary to a widespread opinion, 
the angular isotropy in the centre-of-mass system is neither a consequence, 
nor a pre-supposition of the statistical theory; the results of such 
a theory merely refer to averages over all angles in the CM-system. A 
critical discussion shows, however, that even the present form of the 
theory applies only to central collisions (in a wide sense) and should be 
extended to non-central ones, if one wishes very detailed data. Argu- 
ments are given which show that nevertheless the central collision theory 
may give agreement with experiments for many interesting quantities 
(as experience shows for 2.75 GeV and 6.2 GeV). A more detailed dif- 
ferentiation of the notion of inelasticity is proposed. Spectra and mean 
production numbers for 25 GeV p-p collisions are given in form of curves. 


1. — Introduction. 


In this paper it is tried to predict the details of particle production in p-p 
collisions at 25 GeV primary kinetic energy of the incoming proton. The 
results will be valid (if at all) only for p-p collisions, they will be similar for 
p-9 collisions and may be considerably different for nucleon-nucleus collisions. 
The tables and graphs apply therefore to experiments in which a liquid hydrogen 
target is used. Furthermore, the theory strictly speaking supposes perfect 
head-on collisions, but it should in fact be valid also for other ones, as long as 
the inelasticity becomes not too small. The total cross-section for the col - 
lisions considered cannot be calculated, instead we express the numbers of 


a 
ca 
~~ 


A NEW DERIVATION OF THE STATISTICAL THEORY OF PARTICLE PRODUCTION ETC. 435 


particles produced by saying « per event », which means that the number of 
events must be still found from other considerations, as on beam intensity, 
target density and the cross-section. Since those events, for which the theory 
is hoped to give good predictions, should have high inelasticity, one may as- 
sume that the cross-section for them is somewhat lower than the geometrie 
one, probably one quarter to one times the latter. 

Everything is expressed in the centre-of-mass system (CMS). The units 
nreh=c=Myg =: 

Nothing can be said concerning the angular distribution in CMS and also 
nothing is known about the correlation between angle and energy. The energy 
spectra given below mean, in fact, an average over all angles in CMS, bui do 
‘in no way suppose or imply isotropy. The underlying theory is basically the 
old low energy (not thermodynamic) Fermi-theory (*) with some essential ad- 
ditions and carried through rigorously. We shall derive the formalism in the 
next paragraph and discuss it in detail. 

In the last few years, the Fermi model has met with more success after 
having been discredited for quite a time. Its failing was partly due to its 
incompleteness, partly to the fact that inadequate approximations were used 
in calculations and sometimes essential parts neglected for convenience. 

The merit of removing these different sources of disagreement between theory 
and experiment is shared between many authors. The most essential points were: 


i) 


ii) 


(1) E. 
(2) S.Z. BeLEeN'K1J V. M. MAKSIMENKO, A.I. NikI$ov and I. L. RozeNTAL': Uspechii 
Fiz. Nauk, 62, 1 (1957). A German translation appeared in Fortschr. d. Phys., 6, 524 (1958). 


SÌ 
J. 
DI 


VE 


Inclusion of final state interactions (27) as: Resonant states, decay 
of particles, final state annihilation. 

Inclusion of isospin conservation by giving tables of coefficients for 
direct use (5°). 

Exact values for the phase space integrals (192). 

Allowing for different types of interaction (!*). 


Fermi: Prog. Theor. Phys., 5, 570 (1950). 


7. BeLENIS: Nucl. Phys., 2, 259 (1956-57). 
Kowacs: Phys. Rev., 101, 397 (1956). 
J. Linpenpaum and R. M. STERNHEIMER: Phys. Rev., 105, 1874 (1957). 


_ CeruLus and R. Haceporn: CERN 59-3 (yellow CERN-publication). 
. HacepoRrN: Nuovo Cimento, 15,:246 (1960). 


| Yrivin and A. pe-SHaLIT: Nuovo Cimento, 1, 1147 (1955). 


> &. BaraSENKOV and B. M. BarBaëev: Suppl. Nuovo Cimento, 7, 19 (1957). 
. M. BLOCK: Phys. Rev., 101, 796 (1956). 
‘ E. A. FrarHo: Phys. Rev., 105, 328 (1957). 


CERULUS and R. HaceDoRN: Suppl. Nuovo Cimento, 9, 646, 659 (1958). 
S. BARASENKOV, B. M. BARBASEV, E. G. BUBELOV and V. M. MAKSIMENKO: 


Nuclear Phys., 5, 17 (1958). 
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The Fermi model, thus polished up, showed in fact good agreement with 
experiments at 2.75 GeV (7°) and 6.2 GeV (7) primary energy and, with in- 
clusion of a r-r interaction with a resonant state, was also able to give a de- 
tailed description of nucleon-antinucleon annihilation, which fits almost too 
well to the experiments (14). 

Some of the above listed cases were not too difficult to compute, since the 
total energy was low and consequently only a few final states were in com- 
petition. However, since each final state has to be considered separately and 
since their total number increases rapidly with energy, the temptation has 
been great to consider only a few end-states, assume them to be typical and 
omit the others. This leads to large errors. For 25 GeV one finds a mean pion 
number per collision of 


5.35 if only 297+n7 end-states are considered 
4.23 if also end-states with 97-97 pairs are included 


3.37 if all end-states with non-negligeable weight are counted (*). 


Even if one is only interested in pions, one is thus forced to consider all con- 
tributing end-states, since those which produce only one or two pions together 
with hyperons, anti-nucleons, anti-hyperons, K-mesons ete., may have a con- 
siderable probability and thus push down the mean pion number. 

In some comparisons of experimental data with a (very simplified and 
sometimes incorrect) Fermi type calculation, this latter fact also has been 
disregarded and very bad agreement was found. The removal of this inconsist- 
ency presents, however, its own difficulties. The number of contributing 
end-states (labelled by particle-numbers and kinds as e.g. 97+97+2%, 
W@+2+K+7 ete.) is roughly 


LO tor 2.75 GeV, 
50 for 6,25 GeV. 


600 for 25 GeV . 


Since for each final state and each kind of particle in it, an energy spectrum 
can be calculated (apart from its total probability) and each spectrum may 
consist of, say, 30 numbers, one sees that the amount of numerical material 
becomes discouragingly large. It was therefore necessary to develop a pro- 
gramme for doing this automatically on an electronie computer. For energies 
higher than 3 GeV this seems to be an indispensable tool, which (with the 


(14) F. CeruLUS: Nuovo Cimento, 14, 827 (1959). 


4 GR c 1 rAd à nnrren È 2 Oa fe o) 
(*) These figures are not corrected for final state annihilation and should conse- 
quently not be used in other contexts. 
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present speeds of computers) breaks down again for energies higher than, say, 
50 GeV. Above that energy the thermodynamic and hydrodynamic method (!°) 
developed for the very high energies must be used. It should be interesting 
to investigate how the thermo-hydrodynamic extrapolations down to 25—50 GeV 
fit to the present calculations. 

The above mentioned programme (15:17) has been used extensively at CERN 
for calculations at 6.2 GeV (7), annihilation (4), 10 GeV (not published, still 
incomplete) and the present 25 GeV case. 


Even if in the last few years the Fermi theory was developed to a stage 
where many experimental facts could be reproduced, this does not mean that 
it could remain as it is today. In particular, three related questions, namely 
the non-central collisions, the conservation of angular momentum and the 
angular distribution are not yet answered and so far there is not even a way 
known how to attack them without using very naive models. 


2. The model. 


2°1. Derivation of an exact formula from S-matrix theory. 


a) Probability for a set F of final states. — We shall give here 
a derivation of the «statistical model» which shows that it can be derived 
to a wide extent from S-matrix theory. Since a rigorous S-matrix theory 
(which allows to calculate the matrix elements) does hardly exist for 2-particle 
systems, it should be clear that in the present few- or many-particle problem, 
some heuristic arguments must be used, leading to a formalism which should 
be called a «model», rather than a theory. The model has been described 
frequently in the literature (22615) and our present derivation leads to the 
same results, but gives perhaps some better understanding. 
Assume, we start from a definite initial state à and wish to calculate the 
transition probability to a certain set F of possible end-states f, then from the 
definition of the S-matrix, this probability is: 


(1) P(P) = S|f|S lil. 


fer 


If the initial state is not pure, one has to average over its components. 


(5) E. L. FrINBERG: High-Energy Conference, Kiev (1959). 

(6) R. HAaGEDORN: CERN 59-25 (yellow CERN-publications). 

(7) R. HagEDORN: Calculating high energy particle production according to statistical 
theories on an electronic computer, internal CERN report 1959. Available on request. 

(8) R. MiLeurN: Rev. Mod. Phys., 27, 1 (1955). 
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Let us specify the final states by the number of particles, their masses and 
three-momenta, their spins (not explicitely written) and their isospins (T— total 
isospin, # = third component) 


(2) P(F) = xfar, po 0e pepe n Si 


Here F means a sum over isospin variables and integration over momenta; 
both restricted according to which set of final states is considered. 


b) Reduction of the matrix elements. — We may reduce the 
matrix element by imposing some conditions on the interation and separating 
off the corresponding conservation laws. We demand: 


i) Energy-momentum conservation, 
ii) Isospin conservation, 

iii) Baryon number conservation, 
iv) Strangeness conservation. 


i) and ii) will be made explicit, whereas ili) and iv) will be obeyed by the con- 
vention that in writing down final states, one never writes states which would 
violate them. 

Having once chosen the momenta for the description of the final states, 
one cannot make explicit the conservation of angular momentum (and vice 
versa), Which certainly is one of the most serious disadvantages. It is, of course, 
hidden in the matrix element, but so far nobody succeeded in getting it out. 
Since these observables do not commute, this seems to be indeed difficult. 


c) Isospin and energy-momentum conservation. — For the 
factorization, with respect to the conservation law ii), we have to expand the 
final state into isospin eigenfunctions. The final state is in fact a product of 
single particle isospin functions: 


| Toy | Ts) ae | LO 


and as such, not yet an eigenfunction of the total isospin 7 and its third com- 
ponent 9. We must therefore find its projection onto such a pure state using 
the well known formalism of coupling isospins. For the coupling of two such 
particles to a resultant T=t,, Ÿ —7, we have: 


[0,9 |T.05 = > DEC eta alto 
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Proceeding that way by coupling the third particle to this function, then the 
fourth etc., we find (with t;.=T): 


BOI Ze [II > UE he re eaeae 


i=1 t=2 b=lbtri=Ti ci 


Tsospin conservation implies that 
its | Slo = 0 unless ET Nr =u 
\ / 9 n 


If, with these values for t, and +, we denote the square bracket in (3) by 


then we find for the square matrix element 


(4) DOTE ELU, Pi Pas Mai MS 


et Ÿ 7 Ho y l'o PSN 1077 ; lari. i 
SO len lacy dedi Png Mg Mn Si 


Energy-momentum conservation can be accounted for by a factor 
3(£ — E,) 3(P —P,). 


d) The number of final states; angular momentum. — Fur- 
thermore, we know that what we do in fact is counting in a weighted sum 
(the weight factor is the square matrix element) the final states contained in 
the set 7. From elementary quantum mechanics, it is well known that the 
number of states of n free particles with total energy between £ and E+AE 
i in a box of volume V is 


Vr-1 f 


a dp; ... dp, Ô(E — Deol > ps) : 


9: 


(5) AE. 


if the total momentum is prescribed. The exponent n —1 comes from the 
momentum d-function. 

So we expect a factor [V/(2x)°|" "to be present in the matrix element squared 
(remember #—1). There are still two corrections to be made: 


i) If there were not the sum and the integral over Æ but just the 
dp; ... dp, and the 9,...9, fixed, then that would mean that we ask for à 
definitive distribution of momenta and charges by which the particles are 
then labelled. If, however, we integrate over momenta, then all possible per- 
mutations of momenta contribute. Since permutations among equal particles 


a 
ca 
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should not give a new state, we obviously have to compensate by à further 
factor 1/(N,! N,!....N;!)) where N,... N; are the numbers of equal particles. 
Having introduced isospin explicitly, all members of one isospin multiplet 
have to be considered as equal. 


ii) That would be right now, if the particles spins had been introduced 
explicitly also. Since that is not the case, we must account for the different 
spin states by a factor 2s+1 for each spin s. This gives ]] (2s;+1)” if there 
are ...0;... particles with spin ...8;. : . 


One might ask here, why the spins are not treated the same way as the 
isospins. The answer is that there is still the orbital angular momentum of 
each particle j (which is not defined, as it does not commute with p;) and these 
orbital angular momenta had to be coupled to the spins to give the total 
angular momentum, which also is not defined (*). It might be not unreasonable 
to say that momenta and angular momenta are both unsharp, but still sharp 
enough to be both conserved explicitly by ò-like functions. In that case, one 
had to do for the angular momenta the same as for isospin. This whole question, 
though of practical importance, seems to be still not understood. At least 
angular momentum conservation does not play an important quantitative role. 
In the very similar case of nuclear evaporation this has been shown some 
years ago (1°). 

So at present it seems most reasonable to disregard angular momentum at 
all, and simply add the above factor for the statistical weight of spins. 

Writing all aforementioned factors explicitly, formula (2) changes into 


6) PR) =| Salo 


| II V3! 3; EF 


Si T, eee I ?- d(H — E;) Odi P.)dp, pet dp, ? 


V Dt 1)¢ 
)3 


fi Pi << Pa Me Me 


F 
(we still write S for convenience, though it has a different meaning now). 


e) The set of final states considered. — The set 7 of final states 
needs perhaps some comments. If we are interested in the charge distribution, 
say by asking for the probability of finding a certain final state like 97} + 9794 
+27*+7r, then the #, are fixed and there is no sum over them. The ex pres- 
sions |Cy(T...T, 0,...0,)|?, which then appear explicitly are complicated, 
as one sees from their definition in formula (3). A table of them is avail- 
able (29). For small particle numbers such an analysis has been carried 


) See the remark following (8) on the next page. 
(9) R. HAGEDORN: Zeits. f. Naturf., 9a, 259 (1954). 
(2°) F. CERULUS: Nuovo Cimento, in press. 
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through already (3:14) or is in progress (21). At higher particle numbers, as 
for instance in the present case (25 GeV primary energy), the amount of cal- 
culation necessary for charge analysis is not justified, since the simple rule 
that each member of an isospin multiplet has about the same frequency, is 
already a good approximation. Consequently, what concerns the charges, we 
take F to include all possible states, which amounts to sum over all 0; from 
—T, to +7;. This sum is in fact much easier to calculate than its constit- 
uents (*:°), either by straightforward algebra or by using the theory of group 
characters. The sum may be replaced then by a simpler symbol: 


Niro) 
On 


Bis 


Namely: After summing over #,...0, there remains nothing else than 
the total number of isospin functions with eigenvalues 7 and Ÿ, which one can 
construct by coupling n particles of isospin 7)... Tn. This number only depends 
on T and onthe numbers of particles with isospin 3, 1, 3, »... (It does not depend 
on #!). Since we hardly will encounter particles with isospin > 3, we denote by 


x the number of isospin + - particles 
(8) BI) ) NE) 1 » occurring in the end-state. 
3 


y » » » » DI » 


To stress again the formal relations between spin and isospin: In the angular 
momentum case even for larger particle numbers in the final state, their maximum 
added spin momentum is in general smaller than the total angular momentum. This 
implies, that all possible spin combinations, whatsoever their resultant may be, are 
allowed and practically equally probable. Assume for the moment that there are «, P, 
x particles of spin (not isospin) 4, 1, $ respectively and no others. Then the number 
of eigenfunctions of total spin S and third component (fixed but arbitrary) S, would 
be just W,,,(S). But now all S and S, are allowed, hence 


> Way (S) = 2 (28 + 1)Wagy (8) 


is the number of states, and in fact the following relation holds: 
(9) Y (28 + 1)Wxgy (8) = (2-3+ 1% (221 + YP 2s + 1)? 
8 
which is a special case of our spin-weight factor 
TI (285+ 1%. 


j 


(21) F. CERULUS: to be published. 
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The meaning of F concerning the integration is: If F is just the volume 
elements dp; ... dp, (no integration), then we ask for the most detailed mo- 
mentum-distribution. That is, of course, hopeless. The more modest one is, 
the more reliable the answer will be, since one knows very little about the 
matrix element squared. 

If F is the whole momentum space, then we ask only for the probability 
to find a certain number of certain particles, which is the most modest question. 

If F is the whole momentum space of n —1 particles, i.e. some dp; is 
taken outside the integral, that would yield the energy and angular distribu- 
tion of the corresponding particle without regarding all the others. 

Let us assume for a moment, we would try to achieve that latter descrip- 
tion and let us re-order the particles such that the number of the particle in 
question is n: 


(10) PF) = dp, i ME la 


i ÉD Pay Mi ce MalS 10e, n} 0 — Hy) 0(P — P,) dp, "ps 


is then the probability to find » particles with masses, spin and isospins as 
described, and any one of the particles of the same kind as particle n having 
a momentum in the cell dp, around p,. (It might be any one of them, since 
we have the factor 1/N,!). 


f) Reduction of the set of possible statements because of 
ignorance concerning the matrix element. Angular distribu- 
tion. — Now comes the most important step. We do not know the matrix 
element squared, but we may use the mean value theorem of integral calculus 
to take its mean value outside the integral. Omitting for a moment the other 
factors in front of the integral, we have then 


(11) P(F) ~ dp, S(.....) fous RP P Apr open 


where the function S in front of the integral is the mean value. It depends 
no longer on p, ... P,-1, and therefore is a function 


(12) SSL, Pmi ISO 


The knowledge of this function would enable us to calculate the energy — 
angular distribution. There is no hope to do that in the near future. 
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We shall therefore restrict ourselves one step further by integrating over 
the angles of p,. This amounts to replace dp, by 47p? dp, and to rewrite S 
using again the mean value theorem as 


SCE Nig ose De: E pa) 


Further we introduce as an abbreviation 


(13) foce — > Vpi+ mî) 6(P— > p;)dp:.… dpa = 0*(E,m,...Mn, P), 


i=1 i=1 


since it is, apart from unessential factors, the phase space density. 
We now have [from here on we stay in the centre of mass system (CMS), 
LE AU 


UP WD) (Anania 


VP [Pp es, 6 
2 esta > — 2781 


(2a qu 


nessi 


Arp dp, 0*(E VD Fah 


P(F) gives here the momentum spectrum of particle n (in fact of anyone of 
that sort), averaged over all angles in CMS in the specified final state. 

It is this quantity which we believe to be able to calculate to a good ap- 
proximation and which the tables and figures given below refer to. 

It is often said that the statistical model fails to explain anisotropies in OMS. 
From the point of view given here, this is a misunderstanding: This model here 
does not at all claim to answer to the question of angular distribution, rather tt 
gives mean values over all angles. 

Isotropy can, in the present model, not be concluded and there cannot be 
disagreement with experiments on this point, since we do not assume that (12) 
may be independent of the angle between P and p,. The use of the mean value 
theorem expresses our ignorance concerning the structure of (12). One may, 
however, take into account experimental facts about increasing isotropy with 
increasing multiplicity and say that a not too bad guess of the angular distribu- 
tion in the lab. system may be found by assuming isotropy in CMS for certain 
secondary particles in certain sets of reactions (high multiplicity), and by trans- 
forming the spectra to the lab. system. But the justification cannot come 
from formula (14), it can come only from a knowledge of (12) or from ex- 
perimental information. 

How can we now calculate P(F) according to (14)? There are two quan- 
tities which present difficulties, namely the functions S and o*. The latter 
one is mathematically well defined by (13) and can in principle be calculated. 
The integral can be evaluated in closed form only up to »=3 and must be 
computed by numerical methods for n >3. Various approximations have 
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been used in the literature. So far the only one which goes up to high particle 
numbers (<15) and can be calculated within prescribed error limits (a few 
per cent, in reasonable time), is a Monte Carlo method developed by F. CERULUS 
and the author (12). It has been used in the present calculations and various 
other ones (871421) by means of CERN’s Ferranti-Mercury computer (**). 
Thus, we may consider the calculation of 0* as settled. 


22. — Heuristic arguments leading to computable formulas: The model. 


a) Neglection of certain dependences of the matrix ele- 
ment. It must be emphasized here that (14) is an exact formula as it stands. 
It is only now that we begin to use approximations; the correctness of which 
we do not know exactly and which can be justified only by the success. These 
approximations are drastic: 

We assume 


i) The dependences of S on T and 7,...T, is negligible as compared 
with the dependences of W,,,(7) on these same variables. 
ii) The dependence of S on the mass values is negligible as compared 
to the dependence of 0* on them. 
iii) The dependence of S on p, is negligible against the variation of 
pi-o* with Pa. 


If that is so, then S(E, T|m,... Mn, Pn) & S(E, n). Integrating (14) over p, 
does not affect S(E,n) and the result would be 


Ve pe TY (28,4 1) 
R Me NI x, DT * 
(15) P(F’) = SE, n) W,m(T) RA Tix ONERI RIO 
Here S(E, n) is (approximately) the mean value of the matrix element squared 
and all the other factors make up the volume of the total integration region 
(including sums). (15) is just the probability for finding n particles with masses, 
Spins and isospins as specified. 


b) Further information using unitarity and the inverse 
process. — For finding an information about S(H, n) assume now, we intended 
to calculate the inverse reaction. The n particles specified are at t=— oo 
in a box of volume V as plane waves and at t= +00 just two protons fly 
off with high kinetic energy. Because of the unitarity of the S-matrix, the 
probability for this is given by the same matrix element squared as before, 
the difference being that initial and final states have interchanged their roles. 


(°°) R. HAGEDORN: A programme for calculating multiple phase space integrals by 


a Monte-Carlo method on the Ferranti Mercury Computer, internal CERN report, 1959. 
Available on request. i 
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‘Consequently integrating and averaging have also interchanged. Assume the 
two protons flying off in the same pure state as they come in the other exper- 
iment, then our present final state is pure: No summation. The initial state 
is a complicated mixture over which we must average. Obviously, S(E, n) 
is that average [see (15) and the following text]. Thus for the inverse reaction 


P(E") = SE,n). 


From purely geometrical reason, this probability must contain a factor (Q/V)?! 
where Q is a very small volume of the size of a nucleon and V is that of 
the normalization box. In fact, 9 & Q,:(2M/E). Here 2, = (4a/3)42; the 
factor 2M/E gives the necessary Lorentz-contraction of the off-flying two 
protons: Before they can fly off as required, all particles have to join in such 
a small flat volume. The exponent is n — 1 only, since this may take place 
everywhere within V, in particular at the place of any one particle. Then only 
n —1 others must join there. 
We now introduce approximation 


iv) The dependence of S(#, n) from E and is mainly given by (Q/V)"—?. 
This amounts to replacing V by 2 and omitting S in Eq. (14) and (15). 


With this step, we reached a stage in which everything is ready for cal- 
culation. On the other hand, we have violated the rules from which we started 
and by which we agreed on defining initial and final states by means of plane 
waves. We took just now a classical picture and gave the particles’ properties 
corresponding to a gas in thermal equilibrium enclosed in a box. Putting 
S(E, n) & (Q/V)"-1 means in fact, that what we consider from now is a central 
collision. If namely, we would look for a peripheral collision and correspond- 
ingly here for » particles in a box joining into two nucleons, flying off with 
a large impact parameter, then certainly (2/V)"~! would be too simple to 
describe that. The question of peripheral collisions is not yet well understood, 
although urgent and not hopeless. It will not be treated here. 


c) Final state interactions and different primary inter- 
actions. — There are, however, two other points where we can improve this 
over simplified picture: 

i) The notion of unstable particles meets in quantum theory with con- 
siderable difficulties. According to our heuristic approach, we should, however, 
include the possibility that the interaction between certain particles still goes 
on after the others are already free particles. This is obvious for bound states. 
Tf a deuteron is formed, it has to be considered as a free particle among the 
other free particles. There may be other states as the 7-97 isobar (R= 3. 
S —3, m=1.316) with a lifetime long enough to consider it as still existing 
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after its interaction with the other particles ceased to act. Then it has also 
to be considered as a free particle in what is called here the final state. Of 
course, in the observable final states, it has already decayed. So in principle, 
any such decaying state with sufficient lifetime must be treated as a particle (*). 
We include here only the above mentioned 7-97 isobar and call it N°. Higher 
x-97 resonances are today well established. We do not include them, since 
the results of the 6.2 GeV calculations (7) showed that without them, one 
comes near to the experiments. If these resonances would play an important 
role, this should clearly show up already at that energy (*). There are even 
isobars possible, which cannot be found directly in 7-97 experiments, e.g. such 
ones with 7 = 3 or r-x isobars. We shall neglect all such possibilities (cf. the 
discussion on 7-7 isobars in the 6.2 GeV paper (*)). The mentioned reasons 
may serve as an excuse for even not having made an attempt to incluse such 
states — simply because the computation would become unfeasibly long. 


ii) It may happen that accidentally two particles come out near to- 
gether and stay so for some time, because they have a small relative momentum. 
The probability for this can be calculated from phase space — at least, if the 
angular correlation between the two particles considered is approximately 
isotropic. If these two particles happen to be a particle-antiparticle pair, then 
they have a great chance for annihilation. This final state annihilation was 
treated in detail in the 6.2 GeV paper (7) and showed there a considerable 
effect both on the total number of antinucleons and on their spectrum. At 
the present energy the effect is small, since the probability for small relative 
momenta is small too. The effect on the total antinucleon number was cal- 
culated along the lines explained in (7) and it was found here that approximately 
25% of the created pairs will undergo final state annihilation. The numbers 
given in the graphs below are corrected for this effect, assuming 25% annihi- 
lation for antinucleons and antihyperons, and adding the resultant +-mesons 
to those directly produced. It is not very likely that these corrections lie out- 
side the deviations of the results from the truth. But, it is interesting to note 
that they are so small here, whereas at 6.2 GeV they had a large effect. This 
final state annihilation has nothing to do with the other one which happens 
in nuclei when the target is not hydrogen as supposed here. 


ili) It is trivial that the decay of unstable particles with a very short 
lifetime (isobars, 7°, &°) should be included, since they cannot be observed 
directly. Therefore, the spectrum of their decay products is calculated from 
their original spectrum. One assumes them to decay in their rest System into 
two particles with well defined four momentum and transforms back to the 


(à) Apart from phase space reasons which make the higher isobars less important 
also their life time seems to be small. ° 
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CMS. The result is (2?) 


Yi 
_m* w*(y) 
0) =e | ame 


Yo 
y,=— E ul: UE | — +) | —m* 
im fh NT ñ 


Here w*(y) is the kinetic energy spectrum of the unstable particle of mass m*, 
which decays as m*—m+u, w,(e) is the kinetic energy spectrum of the par- 
ticle with mass 4, e, and k, are the total energy and the momentum of the 
particle ~ seen from the rest system of the decaying particle m*. 

For the calculation of w,,(e) one has only to replace u by m wherever it 
is relevant. 


(16) 


H=e4+4u. 


ss. 


For x or m or both going to zero, yy — co and 7, tends to a well defined 
limit. These cases are included in the computing programme. 

Formula (16) may be used also to calculate the spectra of hyperon and 
K decays (only two body decays!), which are not explicitly given in the results 
below. 


iv) Even the strong interactions are not the same for all particles. The 
interaction volume © must in a way depend on both strength and range of 
interaction. The above mentioned magnitude of £ fits quite well in the case 
of 2.75 GeV, where only pions are produced (9). When other particles occur 
also, one may look at © as a parameter, whose order of magnitude is given, but 
which within certain limits can be fitted to experiments. Even better were 
it to introduce a separate © for each kind of particle. This would allow one 
to consider S(H, n) as still dependent on the masses of all particles produced. 
We would then have to replace Q"-1 by a product ]] 2%, à labelling the dif- 
ferent kinds of particles. For the time being, it seems better to begin with 
less parameters, since one might find computational difficulties and also lose 
some insight by starting too generally. 

We choose here three different ’s (*) 


Q, for %, TRITO 

Q, for hyperons and antihyperons (Y, AG 

Q. .for K and K. 
We have taken (2z)?:Q, = (4a/3)43:(2M/E) fixed and varied only the values 
om Cand LL. 


(*) The factors 1/(27)* have been absorbed into the 2’s, which from now on are 
equal to what 2Q/(27)? was before. 


(Si 
+ 
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This corresponds to assuming that the creation of MQ pairs is a thing 
which, apart from phase space, is as probable as meson production is. The 
hyperons might have a different interaction and the K-mesons still another 
one. Again, apart from phase space, one had then the probability for creation 
of a Y-Y pair proportional to 22, for a KK pair proportional to Q7 and for 
Y-K associated production proportional to Q,:2,. By variation of 2, and 2, 
one can then try different aspects. 

One might prefer to assign the 2’s to a different grouping of particles, 
eg. Q, for nucleons, pions, hyperons, ©, for antinucleons and antihyperons, 
Q, for K-mesons, The philosphy behind this would be that the production 
of anti-particles takes place in the core. In the 6.2 GeV (7) we found, however, 
the correct order of the antinucleon number treating pair creation with the 
same 2 as pion production, which supports our present choice. One may 
wonder, however, if the Z-particle fits into our scheme. Further experimental 


information seems necessary. 


23. Performance of the computation. — Inserting the product of Q’s in (14) 
and (15) and absorbing one factor [V/(2x)°F1 into the undetermined constant 
which, however, will be omitted altogether, we find for the probability of a 
certain set Æ of reactions 


(17) P(P)= WT) [es QO Q's. CR Mare Mn, P=0). 


Here F means for instance the set of reactions p-p—97*+Q7LE+QTEK +27 

(charges not specified). By prescribing such a set F, all Done in (17) are 
well defined (Q_, Q,, 2, being chosen). For the momentum spectrum of par- 
ticle i) (in fact of all particles of that kind), one has in the same reaction 


ED 
o*(E, M... My, P= 0) 


(18) w;(p) dp = 
‘4np* dp-0*(E-Vp°+ Mi, My, ... PE ce May — P); 


where m; means, that the mass m; has been omitted (*). Of course 


frost) av CORNI 


ha yess TA : pie 2 
These expressions have been calculated for about 600 sets of reactions, 
such that all those which have a non-negligible probability contribute to the 


(*) ae. this latter @* is a (n—1)-particle phase space density. 
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given results. The second formula is calculated as à by-product in the cal- 
culation of the first one and needs no further computational work. Finally, 
the spectra are added together separately for each kind of particle, so that 
all reactions contribute with their proper weight. Then the spectra of unstable 
particles are split up into two, according to formula (16) and the spectra of 
the decay products are added where they belong to. 

Finally everything is divided by } P(F) so that the norm of each spectrum 
equals the number of particles of that kind produced in the average over all 
reactions. This number is printed out and afterwards all spectra are nor- 
malized to unity. It was more convenient in the calculations to express all 
spectra in kinetic energies, rather than in momenta. 

The calculations of 0* by a Monte Carlo method and of (17) and (18) by 
another programme has been described in detail in the papers (12161722), 


3. — Critical diseussion of the model: future possibilities. 


In Section 21 we have derived an exact formula starting from the assumed 
knowledge of the S-matrix. In Section 22 we used some heuristic arguments 
to obtain formulas which can be evaluated numerically. We have there on 
the one hand 


made assumptions, which cannot be proved, but only be justified by 
the success, and which, though valid for certain energies, may break 
down in other cases, 


and we have on the other hand 


by no means exhausted completely the knowledge, which from general 
principles, should be available on the scattering matrix. 


This is a very unsatisfactory situation and one should look to improve it in 
both respects: by reducing the model features and by determining more of 
the structure of the function S(E, T, m...Mn, Ti... Tr, Pa) in formula (14), 
using general knowledge of the S-matrix. 

It seems, however, that the thing which one really can do presently, is 
just the opposite of what one should do. That is, it seems to be more hopeful 
to introduce even more details in the model under the guide of semi-classical 
pictures, then to determine the structure of S from the general properties of 
the S-matrix. Such classical pictures must be incorrect to a wide extent, but 
they can at least lead to an approach to the experimental facts. 


31. Non-central collisions and inelasticity. — One of the weakest points is 
that one assumes in the present theory, that all the centre-of-mass energy is 
available for production of particles, whereas one sees easily that with increasing 
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impact parameter b finally a situation must be reached, where the incoming 
particles practically do not interact. ‘This error comes in by replacing the 
function S by [Q/V}-1. On the other hand, one may guess that there is a range 
of impact parameters between 0 and b, > 0, such that all collisions with d< by 
may be regarded as «central »: namely if the collision time is longer than the 
time necessary for spreading out the energy. A simple picture may lead to 
a crude estimate: 


The radius of the nucleon is & 1/u and the diameter of the Lorentz contracted 
nucleons in the direction of flight is 


2 1 E 
ak == (M1) 
METRO VOTA pere ESD i 


where Æ is the total CM-energy. The nucleons move almost with velocity of 
of light (C=1). Consequently the time interval during which they are in direct 
contact in the shadowed region is t & 2/uy. Assuming that the interaction 
through the meson cloud goes also with velocity of light, and that during the 
time of contact, this interaction must travel through the unshadowed region 
to and back at least once in order to spread the energy and destroy the identity 
of the nucleons, so that just a volume filled with energy develops — assuming 
that, we see that the condition for a « central collision » is 


2 
Dei, 
py 
or 
12 
bien 
0 u E 


Another way of estimating how large b might be, is to say that during the 
time t the uncertaincy relation allows a virtual particle (of mass 1/1) to be 
born, which can travel at most a distance of length # before being re-absorbed. 
In order to spread the total energy over the whole region occupied by the 
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two nucleons, these virtual particles must reach at least the distance b; so 
b should be smaller than t. 

The cross-section for «central collisions » will then be & 707 as compared 
to the geometrical cross-section & a/u?. We have then 


s O central 4 
1-st estimate TR —, 
O geom. E? 
i prega 
2-nd estimate dan 
O geom. È 
For this ratio, we find 
ni T | O TE a OR 
De GEN Wee. TS 6.2 25 
A 6 z | IERI RE A par 
Ist estimate: Or) Oreom 0.4 0.23 0.07 


2nd estimate: Otr/Oreom 1 0.92 0.28 


The present theory was said to be valid only for central collisions. Suppose 
for the non-central collisions, there would be another theory available, then 
one should multiply our results Dy O..u/0xm 204 the other results by 
1 — (0 x/ om) ANA superpose them. Strictly speaking, one should divide the 
geometrie cross-section into ring-shaped regions and calculate everything sepa- 
rately for each region and finally add up. The model for this would be obviously 
to assume that the nucleons separate off before the equilibrium is reached 
and fly away in an excited state, the excitation energy and the remaining 
kinetic energy and the angle being in the statistical average a well defined, 
though unknown, function of the impact parameter b. After that the excited 
nucleons can be treated in their own centre of mass system again by the pres- 
ent theory. The results are transformed into the total centre of mass and 
integrated over b from b, to 1/4, to which adds the «central » contribution. 
Such a model will imply, of course, further doubtful assumptions, but it con- 
tains on the other hand new parameters, which can (within certain obvious 
limits) be fitted to experiments (e.g. angular distribution). The amount of 
computation will be several times that of the present case, the latter being 
only a minor contribution, One might wonder now, how the results of the 
calculation at 6.2 GeV (7) could yield realistic particle numbers, as for in- 
stance, 2.9 pions in agreement with the experiment (2). There are two reasons: 


a 


i) The non-central collisions will also contribute to the particle pro- 
duction. 

ii) The recently discussed 7-7 interaction with a resonant state, as well 
as higher isobars, which are neglected there, would open new channels 
for particle production. 


(23) R. M. KALBACH, J. J. LORD and C. H. Tsao, Phys. Rev., 113, 330 (1959). 
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It seems that the two things cancel: by neglecting the fact that only à 
small fraction of all collisions are central, one overestimates the particle pro- 
duction. By neglecting other possible (though not well known) channels, one 
underestimates the particle production. The agreement with the experiments 
at 2.75 GeV (*) and 6.2 GeV (7) seems to indicate this compensation (°°°). 
It is not safe to extrapolate that to our energy, but for the moment one has 
nothing better. That this extrapolation might be not so bad, follows from 
Figs. 18 and 16, where we plot the calculated yield of newly produced charged 
particles and the ratio of non-pionic charged particles to all charged particles 
versus energy. For 2.75 and 6.2 GeV these numbers agree well with the exper- 
iments (23:24) for 10 GeV the particle production seems to be somewhat over- 
estimated (25) and for very high energies the curves seem to tend to the cosmic 
ray data. 

As long as no theory exists which can deal with non-central collisions, one 
might take our present results together with a cross-section, which is 4 to 1 
times the geometric one. 

Intimately connected with the question of non-central collisions is the 
inelasticity. One should introduce two different notions of inelasticity, the one 
coinciding with what experimentalists define as inelasticity and which can 
be measured as the ratio of the total CM-energy of all produced particles di- 
vided by the total kinetic CM-energy before the collision: 


E (produced particles) 


K= ios : 


It is obvious that the present theory allows to calculate this quantity and it 
yields always AK <1, since, though all collisions are treated as central, the 
nucleons carry away kinetic energy and there is even a non-vanishing proba- 
bility for no new particle being produced. So for each of the about 600 final 
states computed here, one could also calculate the observable inelasticity A’ 
and there will be reactions, where K is zero or very small. 

There is, however, no reason to believe that this calculated inelasticity 
would agree with the measured one, except for low energies: at 2.75 the cal- 
culated and measured inelasticity are close together. The above considerations 
on non-central collisions show, why for high energies we should not expect 
to find agreement: clearly only a part of the total kinetic CM-energy will be 
offered to particle production, the rest will remain as the kinetic energy of 


(2) M. M. Brock, E. M. Harrn, W. B. FowLER, R. P. Saurr, A. M. THORNDIKE, 
W. L. Wairremore, V. T. Cocconi, E. Hart, E. C. Fowzer, J. D. GARRISON and 
T. W. Morris: CERN Symposium, Geneva (1956). 

(5) V. VEKSLER: High Energy Conference, Kiev (1959). 
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the excited nucleons. Therefore one should introduce the concept of « offered 
inelasticity »: 
E (excitation) 
kia 
E — 2 


This quantity is defined only with respect to a definite model. In our 
case (only «central collisions» considered) it is of course = 1. If one 
adopts for the non-central collisions the two centre model (which has been 
proposed and investigated for the case of «jets» by many authors), then k 
will be some function of the impact parameter b: in the most crude picture 
it would be proportional to the volume of the overlap region. If one then 
applies the present theory to the two centres, one can calculate for each of 
them analogue to A, namely the ratio 


Pals 
x Fe (produced), ae 
E; (excitation) 


Transforming to the total CM and using 
E, (excit.) + E, (excit.) = k-(H — 2) 


one can express the observable K by means of k and the NG i.e. by quan- 
tities which are uniquely defined by the adopted model. This would yield a 
further check of such models. 

Apart from the existence of « jets » with strongly peaked CM angular distri- 
bution, there is another indication that such a two centre model might be 
successful: if one calculates with the present theory the mean kinetic energies 
of all particles, then one finds them to be nearly independent of the primary 
energy (see the calculations at 2.75 GeV (°), 6.2 (7) and the present results) 
and they lie always in the range between about 250-450 MeV (except for 
particles just above production threshold). The same order of magnitude is 
found in cosmic ray experiments for the average transversal kinetic energy 
up to very high primary energies. Since one would apply the present theory 
to each centre separately and then assume isotropic distribution in their 
centres-of-mass, it is obvious that the calculated transversal kinetic energy 
would agree with the experimental one. 


32. Strange particles. — The adopted three-Q model is certainly too crude 
to give a detailed picture of strange particle production. For the actual cal- 
culation, we choose two different versions: the 2, for pions and nucleonic 
particles is always constant and has its «natural» values (47/3) A2 - (1/200)3. 
The Q, is always varied between 5 2x and ©. The ©, for the hyperons has 
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been kept constant and equal to 2, in the first version (I) and has been varied 
linearly together with 2, in version (II): 


(1) 9, = 2,5 Q, variable, 


Ma T 


(II) Q,=52t+32 


iv) 


Tt is not meant that these choices have any particular significance — we rather 
choose them because it was not possible to vary ©, and ©, independently. 


However, the choice Q,= 2, as taken in the 6.2 GeV case (7) seemed not 


very promising. On the other hand, a ©, < 2, is not unreasonable. If 
"oh n 22 Ls 

Q = 2 should be right, then (I) and (IT) reduce to Q,= Q2, and Q,=30.. 

The spectra are not very sensitive to the versions and the value of Q.. Those 


1 


given in the figures are for (I), Q,=7)%,. (They were compared to (II), 


2, (1/3.4)2, and equal to them within the accuracy of drawing). 
Tt should be meationed that both (I) and (IT) allow reactions of the kind 


without producing K-mesons, even for ©, = 0. (This is also the reason, why 
for (I), 2, small, the production of & is slightly higher than the E-production). 
Unless one introduces a fourt ©: for the &, this is unavoidable. But, since in 
fact the K-interaction is not zero, one might take this not too seriously. The 
results on E and E production should, however, be considered as much less 
reliable as all the others. 


3°3. Spectra of the anti-particles. — Though the particle numbers have been 
roughly corrected for final state pair annihilation, this has not been done for 
the spectra — even not for those of the anti-particles. The amount of further 
‘alculation (see the 6.2 GeV paper (7)) would have been enormous, since at 
25 GeV in most reactions pair production occurs. But, since the kinetic ener- 
gies of the antiparticles are large now (at 6.2 GeV one is just above threshold), 
the effect will hardly justify the effort. 


34. Phase space integrals. - The method used here to calculate the phase 
space integrals and spectra is a quite complicated Monte-Carlo method (Cay. 
which needs an electronic computer (22). The integrals can, however, also be 
valculated analytically for two limiting cases, namely for unrelativistic and 
for zero-mass particles. It has been frequent use to consider nucleons and 
heavier particles as unrelativistic and pions as ultra-relativistic (massless) and 
then either to assume that for each of these two groups the total momentum 
vanishes or—for a better approximation—to fold the two phase space integrals 


bo) 
' 
di 


A NEW DERIVATION OF THE STATISTICAL THEORY OF PARTICLE PRODUCTION ETC. 455 
in a further integral: 
0 (E, May... My P) Det masses (7 — €, fe — p) j Ozero Pl P) de dp © 


It has been shown (*) that this can lead to serious errors. The reason is 
clear: the average kinetic energy turns out to be about 300 MeV per particle 
nearly independently of the primary energy. Therefore neither the haevy 
particles are non-relativistic, nor the mesons ultra-relativistic. For K-par- 
ticles, it is even worse. Since according to Figs. 1-8, the width of the spectra 
is of the order of the mean kinetic energy, it is clear that important contri- 
butions to o* come from energy-regions where the above mentioned approx- 
imation, which is already bad for the mean energies, becomes intolerable. 
There is, of course, some mutual compensation, but in high dimensional space 
this is hard to estimate. The constancy of the mean kinetic energy shows that 
this situation will be the same for all primary energies. 

The presently used Monte-Carlo method is free from such errors and allows 
to treat all masses correctly. The unavoidable statistical errors (which for 
each single reaction can be prescribed and have been chosen to be <5%) 
average out over the more than 600 calculated reactions. Even in the spectra 
there remained hardly any fluctuations. In the present case, the adopted 
method for the calculation of phase space integrals can therefore be considered 
as exact (in the 6.2 GeV case (7) only about 50 reactions contributed and some 
fluctuations remained). 

I am deeply indebted to many people who helped me in the preparation 
of this paper: Dr. H. FAISSNER of CERN, prepared and watched at the com- 
puter, a considerable part of the Monte-Carlo calculations and took part in 
many discussions; Drs. F. CERULUS, B. D’ESPAGNAT, J. PRENTKI and Y. YAMA- 
auoxt, all of CERN, helped me with many interesting talks. 

The whole work would have been impossible without the constant collab- 
oration of the engineers and the tape punching group of the CERN-Computer. 


APPENDIX 


Results. 


The results are given in three groups of figures: 


i) Figures 1-8 show the kinetic energy spectra of the different kinds 
of particles as 


1 <An 


mean particle number per 100 MeV energy interval 
n Der EM A (n) (Ae 


mean particle number 
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The spectra are normalized to unity. In order to obtain the number of par- 
ticles per energy interval, one has therefore to multiply by the mean particle 
number (n>, which is found in the second group of graphs, namely 


A. (An) PA 
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ing into account the (3; 3) 7-97 isobar. 


ii) Figures 9-14, which show the mean particle numbers <”> per col- 
lision (total, i.e. summing over all charges, including neutral. They are cor- 
rected for final state annihilation.) as function of ©, in the two versions 


(I) Q, = 2, — const; 2, variable, 
(II) Q,= const; Q=i0,+30g; Ok variable. 


pie 


Sk 


QT QT 
10? 2 AO, Bo: 2 4 6 8, 
| Fig. 9. — E and E-multiplicity (rather Fig. 10. - & and X-multiplicity (including 
doubtful). 2° and X°). 


One may expect reasonable predictions (probably except & and = particles) for 


Or ( to 5): 9 in (1) 
and 


Qx (to +): 9, in (I). 


The spectra refer to these regions (they are rather insensitive against change 
nivo): 
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Fig. 13. — K and K-multiplicity (the only Fig. 14. — 7, ni and y-multiplicities; 7° is th 
strongly varying multiplicity). pion which comes from the (3; 3) 7-97 isobai 


ili) Figures 15-18 show multiplicities and ratios of pions to other par- 
ticles as function of ©, and as functions of energy. 


As to the spectra, one finds that the particles and antiparticles have the 
same spectra. This comes from the fact that the spectra are mainly given 
by the phase space part and in these particles and anti-particles are not 
distinguished. Though they enter in the total spectrum with somewhat diffe- 
rent weights, this does not exceed the accuracy of drawing, since in most of 
the 25 GeV reactions, anti-particles are produced. Only the K-mesons show 
a small difference. 

As was emphasized repeatedly in this paper, the spectra are meant as 
averaged over all CM-angles. For pions, K-mesons and anti-baryons, one may, 
however, assume approximate isotropy and estimate the lab-angular distri- 
bution, simply by transforming them. The same holds for the y-Spectrum, 
which comes exclusively from the decays 2°+> A° + + and r°— 2. The nu- 
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‘Fig. 15. — C is the total number of charged particle. x* the number of charged pions. 

The plot shows the ratio of non-pionic charged particles to all charged particles as a 
function of Q,. 


cleons will probably be so strongly peaked in the forward and backward 
direction, that transforming to the lab system is not very meaningful. 
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Fig. 16. — The same quantity as in Fig. 15 is shown here, as a function of the total 

kinetic CM-energy before the collision. At 2.75 GeV (lab) (6) and 6.2 GeV (lab) (7). 

the values can be shown to agree with the experimental values (?3?4) (by somewhat 

lenghty arguments, since they are not directly published as experimental values). 

At our present energy, the bar indicates the values compatible with reasonable 9, 

(see Fig. 15). The curve is drawn tentatively through the given points. It tends to 
the experimental high energy limit (2928): 


(26) F. A. BrisBouT, C. DAHANAYAKE, A. ENGLER, Y.Fuysmoto and D. H. PERKINS: 
Phil. Mag., 1, 605 (1956). 

(27) B. Epwarps, J. Losiy, D. H. PERKINS, K. PINKAU and J. REYNOLDS Phil. 
Mag., 3, 237 (1958). 

(28) E. Lonrmann and M. W. TeucHER: Phys. Rev., 112, 587 (1958). 
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Fig. 17. — The number of charged particles minus two as function of 0%. 


As to the multiplicities, Figs. 9-14, one sees that except those for the 
K-mesons, they do not very much vary (only the K-multiplicities are in loga- 
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Fig. 18. — 0-2 as a function of the total kinetic CM-energy before the collision. At 

2.75 GeV lab) (9) and 6.2 GeV (lab) (7), this agreees again with the experiments (23.24) 

(by indirect arguments as in Fig. 16). The bar at 25 GeV (lab) indicates the values 

compatible with reasonable ©, (see Fig. 17). The bubble at 9.0 GeV (lab) represents 

the measurements at Dubna (*), For high energies, the curve tends to estimated cosmic 
ray data (M. TEUCHER, Chicago; private communication). 


rithmic scale). The number of particles of a given charge are found approx- 


imately by dividing the «n> by 27 +1, where 7 is the total isospin of the par- 
ticle in question. 
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ERRATUM: 


In the article the final state annihilation has been taken into account in a very 
rough way as described there. Strangeness conservation had not been imposed on 
that process, but it has turned out that its effect cannot be neglected: in each case 
where a hyperon or antihyperon annihilates, a K or a K-meson respectively must remain. 
This will increase the number of both of them, but more the K than the K. This taken 
into account, the mean particle numbers fulfil strangeness conservation, which in fact 
is not true for those given in the article. 

One may correct this in the article by a parallel shifting of the K and K curves 
of Big. 13. 

The pair of full lines (K, and K,,) is shifted such that K, passes through the point 


LNT K, = 3.2-10-4, 


and the pair of dashed lines (K; and K,,) is shifted such that K, passes through the point 


ee nio; K, = 8.0-10-2, 


which means that the predicted number 
of K is roughly two times larger and of K is roughly 1.6 times larger, 


than given in the article. 


RIASSUNTO (‘) 


Si dà una nuova derivazione del modello statistico per la produzione di particelle, 
a partire dalla teoria della matrice S. Quantunque le formule finali siano essenzialmente 
quelle già usate in altre pubblicazioni recenti, questa derivazione mostra chiaramente 
dove si introducano ragionamenti euristici e quali siano i punti deboli. Si vede anche 
che, contrariamente all’opinione diffusa, l’isotropia angolare rispetto al sistema del c.m. 
non è nè una conseguenza, nè un presupposto della teoria statistica; i risultati di 
tale teoria si riferiscono semplicemente a medie rispetto a tutti gli angoli nel sistema 
del c.m. Una discussione critica dimostra, tuttavia, che anche la forma presente della 
teoria si applica solo ad urti centrali (in senso lato) e deve essere estesa agli urti non 
centrali, se si vogliono dati molto dettagliati. Si espongono argomentazioni che dimo- 
strano come ciononostante la teoria degli urti centrali può dare risultati in accordo 
con gli esperimenti per molte grandezze interessanti (come dimostra l’esperienza nel 
caso di 2.75 GeV e di 6.2 GeV). Si propone una più precisa differenziazione del con- 
cetto di inelasticità. Si danno, sotto forma di curve, gli spettri e i numeri di produ- 
zione media per urti p-p a 25 GeV. 


(*) Traduzione a cura della Redazione. 


30 - Il Nuovo Cimento. 
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Note on the High-Energy Tail 
of the Pion and 7-Spectra in p-p Collisions at 25 GeV. 


R. HAGEDORN 


CERN - Geneva 


(ricevuto il 6 Novembre 1959) 


Summary. —- The energy distribution of high energy pions emerging 
from p-p collisions at 25 GeV is estimated using the statistical model. 
Indications for the calculation of the y-spectrum from these data are given. 


For some experiments high energy pions and y-rays may be useful. In 
a paper on statistical theory applied to 25 GeV p-p collisions (1) energy spectra 
and particle numbers were given as curves. The limited accuracy of drawing 
caused the high energy tail of the spectra to be suppressed. Of course in the 
numerical results on which the paper (1) is based, much more information is 
contained and can be taken out if necessary. The high energy tail of the pion 
spectrum seems to be such an information and the present note gives the 
details on it. 

It must be mentioned that the Table given below represents only an esti- 
mate. The contributions to the tail come from a few reactions only, namely 
those in which not many particles are produced. The accuracy of the phase- 
space integrals in each single reaction was prescribed to be <5%. A spectrum 
(whose sum equals the phase space integral for the reaction in question) con- 
tains 31 numbers, hence its statistical accuracy is — 25% for each number. 
The data given in the Table below are found by graphical smoothing out of 


(1) R. HAGEDORN: Nuovo Cimento, 15, 434 (1960). 
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histograms in which each number was given within +10%. Therefore the 
numbers in the Table are correct within 5% to 10% as far as the underlying 
theory is right. 

The Table gives the absolute number of pions per kinetic energy interval 
of 100 MeV. In the paper (') all spectra were normalized to unity, therefore 
the low energy part of the Table differs from Fig. 7 of the paper (*) by the 
mean pion number, which was chosen here (n>, = 4.5.: 


TABLE I. — Absolute number of pions per 100 MeV. 
| 

Fun GeV Total x | xt n° nm 
1.1 7.8-10-2 
1.2 5.8-10-2 
1.3 4.2:10-2 
1.4 3.0-10-2 
1.5 2.1-10-2 È R E 
1.6 1.6-10=% | E E E 
in, 1.1-102 | $ 8 £ 
1.8 7.5+10-3 = 5 = 
1.9 | 5.3-10-3 He Ho | So 
2.0 3.5-10-3 = i & 
ral 2.3-10-3 ED E Ep 
22 1.5-10-? S © © 
2.3 8.7-10-4 
2.4 4.9-10-4 
2.5 3.0-10-4 
2.6 1.6-10-4 
27 9.0-10-5 4.3-10-5 2.7:10-5 2.0-10-5 
28 4.8-10-5 2.3-10-5 1.5-10-5 1.0-10-5 
2.9 2.5-10-5 1.2-10-5 8.0-10-8 5.0-10-6 
3.0 1.2-10-5 5.3-10-6 4.2-10-$ 2.5-10-6 
3.1 2.4-10-5 1.5-10-6 0.9-10-5 0 
3.2 0 0 0 0 


The charge analysis (2) has been carried through only for the extreme tail, 
since there one-, two-, and three-pion production contributes. The rule that 
each charge state obtains approximately + of the total number becomes very 
inaccurate there as the Table shows. For the lower energy regions this ap- 
proximation becomes tolerable and the long calculations for charge analysis 
are not justified. It may be interesting to note, that even to the high energy 
tail, as given here the x-9t-isobar (3; 3) gives important contributions. 


(2) See for instance: Multiple meson production from p-p collisions at 2.75 GeV 
according to a statistical theory: by F. CERULUS and R. HAGEDORN, CERN 59-3. 
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The y-spectrum from x° decay has not been calculated explicitly. This 
‘an be done by using Equ. (16) of the paper (!) and taking the limits of the 
integral for m—u—0. For most purposes however one will need only pions 
going in the forward direction and then emitting a y in the forward direction 
again. 

of course, the data apply to the CM system and must still be transformed 
to the lab. system. Though it is not reliable, one may assume isotropy of the 
pions in CM and get at least correct orders of magnitude. 


T thank Dr. F. CERULUS (CERN) for giving me some coefficients for the 


charge analysis. 


RIASSUNTO (*) 


Si stima la distribuzione energetica dei pioni di alta energia emergenti da colli- 
sioni p-p a 25 GeV servendosi del modello statistico. Si danno indicazioni per il 
calcolo dello spettro + a partire da questi dati. 


(*) Traduzione a cura della Redazione. 
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Pion Cloud Effects in Pion Production Experiments. 


F. BonsIGNoRI and F. SELLERI (*) 


Istituto di Fisica dell’ Università - Bologna 
Istituto Nazionale di Fisica Nucleare - Sezione di Bologna 


(ricevuto il 24 Novembre 1959) 


Summary. — A simple model is proposed for the study of single pion 
production in collisions of a generic particle «a» on a target nucleon. 
The model consists essentially in neglecting all interactions but the one 
between the incoming particle and a single pion of the nucleon cloud. 
Application to a recent pion production experiment in proton-proton 
collision by the Birmingham group (1) gives support to the plausibility 
of the idea. Another application to the experiment by the Bologna 
group (2) gives qualitative evidence of pion-pion interaction. Experi- 
mental data suggest a pion-pion cross section of the order of ten millibarns. 
Finally an experiment is proposed which could give more detailed infor- 
mation on pion-pion interaction. 


1. — Introduction. 


The possibility that the meson cloud plays an important role in experiments 
of scattering on nucleons has already been recognized. It has also been re- 
marked that from pion production experiments it should be possible to obtain 
some information regarding the interaction of the incoming particle with the 
virtual pions and methods have been proposed to obtain the cross-section of 
this interaction (**). Yet practical difficulties, depending also from the great 


() Now at CERN, Geneva. 

(4) A. P. Barson, B. B. CULWICK, J. G. Hitt and L. Rrpprrorp: Proc. Roy. Soc., 
251, 218 (1959). 

(2) V. ALLES-BORELLI, S. Bercia, E. PEREz-FERREIRA and P. WALOSCHEK: 
Nuovo Cimento, 14, 211 (1959). 

(3) C. GOEBEL: Phys. Rev. Lett., 1, 337 (1958). 

(4) G. F. Cxew and F. E. Low: Phys. Rev., 113, 1640 (1959). 


465 


466 F. BONSIGNORI and F. SELLERI 


statistie needed, have, until now, made impossible the application of these 
methods. 

In what follows we want to examine in a semi-phenomenological fashion 
two recent experiments on pion production. 

The first one, by A. P. Batson, B. B. CuLwIcKk, J. G. HILL and L. RIDDI- 
FORD (1), regards pion production in proton-proton collisions. We will be 
particularly concerned with events of the kind 


ptpo>ptn+an*. 


The second one, by V. ALLES-BORELLI, S. BERGIA, E. PEREZ-FERREIRA 
and P. WALOSCHEK (2), regards pion production in negative pion-proton col- 
lisions. 

In this analysis we will use a model consisting essentially in neglecting both 
direct interaction and more of one pion exchanges between the incoming par- 
ticle and the nucleon. This model will be presented in Section 2, together with 
the experimental and theoretical justifications that can be given. In Sec- 
tions 3 and 4 it will be applied to the quoted experiments of pion production 
in proton-proton and pion-proton collisions, respectively, with the aim of 
obtaining some information on proton-pion and pion-pion interactions. We 
will see that the obtained pion-proton cross-section agrees reasonably well 
with the experimental one, and this fact will give further support to the method. 

In the case of the pion-pion interaction a qualitative evidence will be found, 
but only the order of magnitude of the cross-section given, the desired effect 
being partially obscured by the strong final state 33 interaction. However 
an experiment will be proposed in which this interaction should be almost 
negligible which could in principle give not only the correct mean value of 
the pion-pion cross-section, but also the position of an eventual resonance. 


2. The model. 


The experiments on high energy proton-proton and pion-proton elastie 
scattering show a pronounced diffraction-like forward peak, which gives for 
the nucleon radius a value in every case very similar to the Compton wave 
length of the pion. This is true, in particular, for the two experiments we 
want to examine in the next sections ((see (1) and (5)). This fact strongly 
suggests that the interaction responsible for the absorption of the incoming 
particle from the elastic channel takes place also with the pion cloud of the 


(5) V. ALLES-BoRELLI, S. BERGIA, E. PEREZ-FERREIRA, A. MiNqGuzzr-RANZI and 
P. WALOSCHEK, to be published. 
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target nucleon; this conclusion, obvious in the case ot nucleon-nucleon scat- 
tering, suggests the existence of pion-pion interaction in the case of pion- 
nucleon scattering. 

On the other hand the mean number of pions in the nucleon cloud, cal- 
culated both with the static theory (*) and with a relativistic theory of inter- 
mediate coupling (7), turns out to be about one. Furthermore KOBA and TA- 
KEDA (5), taking this number equal to 1.3, have been able to explain the 
multiplicity of pions produced in proton-antiproton annihilations. All this 
suggests the interaction of the incoming particle with more than one virtual 
pion to be an unlikely event. 

In the following we will make the explicit assumption that the only im- 
portant contribution to the interaction between the incoming particle and 
the target nucleon responsible for single pion production comes from diagrams 
with only one virtual intermediate pion. In Figs. 1-a, b are drawn such dia- 


a) | b) | 
Il I 


erams in the cases of nucleon-nucleon and pion-nucleon scattering. Full and 
dashed lines represent nucleons and pions respectively. The matrix elements 
corresponding to such graphs are, however, not exactly calculable with present 
techniques, if one wants to take into account all possible vertex corrections 
and all self-energy processes of the intermediate pion. A form valid only when 
the square of the four-momentim of the spectator nucleon, approaches the 
unphysical limit — y?, u beeing the mass of the pion, has been calculated by 
CHEW and Low (4) and it is, after integration over all variables but A? and 
w?, w beeing the total energy of all the final state particles except the recoil 
nucleon in their c.m. system, 


020 f 1 Alu 
cd) dA? dw? ig 97 qa (A? + y?) 


OralW)Man (0) 5 


S. Fupgini: Nuovo Cimento, 8, 1425 (1956). 


(°) 
) G. TAKEDA: Phys. Rev., 95, 1078 (1954). 


_ 
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where f? is the renormalized coupling constant for the emission of the virtual 
pion by the nucleon in the «lower » vertex—we make reference to Fig. 1— 
Ge, and m, are laboratory momentum and mass of the incoming «a» particle, 
Ora(W) and q_.(10) are the total cross-section and laboratory momentum for the 
elastie scattering of a x-meson on the «a» particle at the total c.m. energy 
equal to w. 

In what follows we will use the formula (1) also for physical values of A?. 
Such procedure implies the following approximations: 


— Use of the vertex function y; instead of the renormalized one I’,(4*). 


— Use of the propagator (/12-+ u?)-! for the intermediate meson instead 
ofA, (A?) 


— Substitution of a term proportional to the z-a cross-section to the 
square of the matrix element describing the upper vertex of our dia- 
erams. 


As we have already said, formula (1) holds exactly only in the point 


——u?, where the intermediate pion is o e mass shell. T W 
abe u?, wl tl termediate pion is on the mass shell. However we 
note that also in the first part of the physical zone it is not very far from 
being real, due to the fact that the point A?=——vy? is very near to the 


physical zone itself. Thus we hope that formula (1) constitutes a good ap- 
proximation to the true matrix element at least in the region where we will 
use it — A?< 0.3m? — where m is the nucleon mass. 

In any case the above approximations have exactly the same theoretical 
Justification as the neglecting of diagrams with more than one exchanged 
pion (*). Indeed following the current philosophy about the location of the 
singularities of the over-all matrix element in the 4? complex plane (4), we can 
argue that they are confined on the negative real axis, a pole beeing in the point 


A? =—y? and other singularities being in the range — 4u? ——— oo for 
nucleon-nucleon interaction and in the range — 9u2 ——— co for pion-nucleon 


interaction, due to the impossibility of two pion exchanges in this last case, 
because such exchanges would violate the invariance under the Lee and Yang 
G parity (*). Thus it is possible to write down a spectral representation of the 
over-all matrix element of the kind 


Rw), f f(4°) 


(2) M(A, ON dle, 


dA, 


where x= 4u? in the case of nucleon-nucleon and «= Qu? in the case of 


() We are very indebted to Prof. S. FuBINI for this argument. 
(°) T. D. Lez and C. N. Yang: Nuovo Cimento, 3, 749 (1956). 
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pion-nucleon interaction; f is a quantity bigger than, or equal to, x. A(w) is the 
residue of the pole and can be obtained by comparison with (1). Our approx- 
imations consist in neglecting the integral in the right hand side of the equa- 
tion (2) (*). Such an integral contains both contributions coming from more 
than one pion exchange diagrams and contributions coming from self-energy 
and vertex correction effects to the diagrams of Fig. 1. In this way all our 
approximations appear on the very same footing. 


3. — Pion production in proton-proton collisions. 


We want now to analyse the quoted experiment by BATSON et al. (*) on 
the proton-proton interaction at 970 MeV with the assumption that the dia- 
gram of Fig. la is the only one important for single pion production. In 
Section 2 we have tried and justified that a not too bad approximation to the 
corresponding matrix element should be given by formula (1). Thus in the 
following analysis we will use (1), the «a »particle being in the present case 
a proton. Upon integration on w? we have 


g(.42) 


do fem A? 5 ; 
3 ~ = = A? w) dw 
(8) 04% 9nq pe (A® + y?) Sel fard 
(m+ 1)? 
where 
g( A*) 7 
4 (00) Onp( Ww) duo 
} = (Er 1)? 
(4) ee 
dx(w) dw? 
(m + pu)? 


and (w™*)? = g(A2) is the upper limit of the region kinematically allowed in 
the A, w? plane (see (*)). The explicit separation of o,, from the remaining 
integral is done to have an easier parallel with the problem treated in the 
next section. The A? dependence of function (4) is shown in Fig. 2 (**) for 
an isotopic spin $ of the pion-nucleon system. Notwithstanding the strong w 
dependence of 03, 0;(/1°) is seen to be not very strongly A? dependent. 
Function (3) is plotted in Fig. 3 against 7 — lab. kin. energy of the recoil 


(*) It must be remarked that the first term in the right hand side of (2) is not 
exactly the quantity we considered in (1), a factor A?*/n2 beeing lacking. We note 
however that (2) is exact only for scalar particles and that the true form of (1) is 
obtained keeping into account the spinorial nature of the nucleon. 

(**) In Fig. 2, og is plotted against 7, the lab. kin. energy of the recoil nucleon, 
which is essentially the same as to use A?, owing to the well known relation 
a? = 2mT. 
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nucleon — for a total energy of the two colliding protons in their c.m. of 
2324 MeV corresponding to the lab. kin. energy of 970 MeV, taking f? = 0.16 
and o,y= 03, 2.6. for a x+ emitted in the «lower » vertex. 


Ji 4 


O 80 100 200 300 £00 500 600 M 
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Tato 3% 


The most striking feature is a strong maximum at T= 60 MeV. 
In Fig. 4 and 5 are shown the experimental spectra of about 270 event: 
of the kind p+p—p+n-+nt (1°) with respect to the variables 7, and 7. 


(°) L. Ripprrorp: private communication. 
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in comparison with the spectrum predicted by the statistical theory, normalized 
to the same area. The disagreement is evident and is essentially due to a 
strong maximum for low values of 7, and 7,, about in the same positions 


— 
= 
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Fig. 4. 


predicted by (3). However the highness of the predicted maximum by for- 
mula (3) is bigger by a factor 1.8 in the case of the neutrons and lower by a 
factor 0.2 in the case of the protons. We want now to make clear that also in 
the case that our assumption that the only important diagrams are those with 
only one intermediate pion is exactly true, an exact agreement between ex- 
periments and the simple formula (3) is not to be expected. Indeed for our 
events there are two diagrams of the kind shown in Fig. la that contribute, 
the first one corresponding to the emission of a x° from the «lower » proton 
that propagates and interacts with change-exchange with the «upper » proton, 
the second one to a z+ emitted and interacting elastically with the upper 
proton. Thus, roughly speaking, the observed neutrons come sometimes from 
the first diagram where they are something like decay neutrons of an iso- 
bar 33, sometimes from the second where they are recoil neutrons. There- 
fore their spectrum must be given by the superposition, with interference, of 
the spectra predicted by the two diagrams for the recoil and decay neutrons 
respectively. Similar reasoning holds obviously also for the protons. 

In other words, agreement with (3), that is to say considering the nucleons 
as coming always from the «lower» vertex of Fig. la, is a priori not to be 
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“ 


expected. We are not able to imagine other matrix elements with such a strong 
variability in the low A? region as to have a maximum similar to that pre- 
dicted by (3), due to the fact that other matrix elements have singularities 


number ofevents 
> 
mb(/pt50MeV) 
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©) 
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Fig. 5. 


more far in the complex A? plane. Thus we believe that the most plausible 
conclusion that can be obtained from Fig. 3 and 4, 5 is that the one inter- 
mediate pion diagrams give an important contribution to the events we are 
examining and that it is not excluded that they give the only important con- 
tribution. 


4. — Pion production in pion-proton collisions. 


Let us now consider the quoted experiment (?) on the pion production in 
Tp collisions at 960 MeV. 


The measurable single pion production processes in 7-p collisions are: 


I) Tan DS ee a ee = 1 


o 


LE T pr Er Æp. 


To each of these processes there is only one diagram of the kind designed 
in Fig. 1b which can contribute. 
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In the case of I) (II)) the upper vertex is describable as a 77r* (rer) 
elastic scattering process. 
Formula (1) written down for the present case after integration upon w? 


reads: 
(A) 
06 af? A? = 1 
5 È ~ = i 2 an an2 
(5) dA? Co ong? (A2 + y?) Orr(/ fit dw ) 
(21)? 
where 
g(A?) 7 
Onn(W) dn(W) dw? 
(6) Cond) = TN ; 
fax) dw? 
(274)? 


and «= 2 (1) in the case of events I) (II)). If o,, is not very varying Gr 
gives its mean value and is almost independent from 4. If o,,, has instead 
resonance-like peaks G__ is expected to have a not very strong but yet obser- 
vable A? dependence. To have an idea one can look to Fig. 2 where the si- 
is drawn for the case of total iso-spin 2 where the well-known 33 


milar 6, 
resonance is present. 
In Fig. 6 is shown the quantity 


cue 


as calculated with formula (4) for the experiment under investigation. Also 
in this case we have a pronounced peak for low 7 (T= 50 MeV). Multipli- 
cation by ©. could somewhat shift the position of this maximum if o,,(w) 
has a resonance. 

Now let us discuss the experimental data. We have seen in the preceding 
section that the neglecting of more than one pion exchanges between the two 
nucleons is not a bad approximation, at least in the low 4? region. We think, 
therefore, that the same should be true also in this case a fortiori, due to the 
fact that two pions exchanges are forbidden, together with any even number 
of pions exchanges. In this case, however, there could be also contributions 
from the direct interaction of the incoming pion with the nucleon core, but we 
will assume that these are unimportant. Another important difference between 
the present case and the one treated in the preceding section is that the dia- 
gram of Fig. 1b does not contain any final state 33 interaction. We do know 
however that such interaction is important (?) and thus we are led to the 
a priori conclusion that our diagram cannot be the only one important. 

However we will analyse the experimental data with this model in mind: 
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Fig. 6. 


the incoming pion hits on a single pion of the cloud and makes it real. After 
this interaction has taken place the two pions are yet in the volume of inter- 
action and have a certain probability of interacting with the nucleon. As 
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suggested by the isobar model one can argue that this probability is mea- 
sured by the cross-section for pion-nucleon scattering. 

For the reaction I) there is the 7-n system that is in a pure J = 3 state. 
No such system exists in the case of reaction IT). This does not mean obviously 
that the final state interactions are absent for reaction II), but only that they 
should be less important. Thus we expect that the predicted peak by (5) 
should be more easily seen for reaction II). 

This fact is confirmed by experiments. Experimental spectra as a function 
of T are shown in Fig. 7 and 8, in comparison with isobar model and statis- 


number 
| do, 
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I fl 1 je e = 
010 60 MO 160 210 260 310 300 410 460 510 560 610 660 MeV 
Proton laboratory kinetic energy 


Fig. 8. 


tical theory. While in the case of reaction I) the agreement with the isobar model 
is not too bad, in the case of reaction IT) a peak in the low energy region is 
| clearly present. To be precise also in the case of reaction I) there seems to 
be a peak in the low energy region, but the disagreement from both isobar 
model and statistical theory is of about two standard deviations. Thus no 
precise conclusion can be reached in this case on this simple basis. However 
to investigate the nature of this uncertain peak we have selected the events 
with lab. kin. energy of the final neutron less than 85 MeV (44 events at all) 
‘and constructed their spectrum against the c.m. x* momentum. This is shown 
in Fig. 9. There is no trace of the very pronounced peak which is present if 
the same spectrum is constructed with all events together (see (2)) and which 
is due to the very frequent formation of the (rn) isobar. To give a more 
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quantitative meaning to this difference we have calculated the ratio À be- 
È ; e 
tween the number of events with xt momentum bigger than 300 MeV fe and. 
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Fig. 9. 


the similar number with z+ momentum lower than 300 MeV/c. It turns out 
to be 


bo 


‘ 


+ 0.2 all events together 


~ 


R A 
e = 5 + 0.33 only selected events 


= 


= 


where the indicated errors are the statistical ones. 

Explicit calculations have been carried out and it has been found that 
the selection of low T events does not imply any kinematical restriction on the 
c.m. momenta of the pions. In other words isobar model predictions for these 
events are almost the same as fcr all events together. Thus the preceding 
quantitative disagreement must be considered as an indication that other 
matrix elements but those containing final state pion-nucleon interaction are 
important in the low A? region. We believe that the most natural interpre- 
tation is that the important one is the one drawn in Fig. 1b, due to the fact 
that it was a priori expected theoretically to be peaked exactly in this region. 

We want to emphasize that this low A? peak is strongly characterized by 
the one pion exchange character of the calculated matrix element. Indeed it 
results from the multiplication of 42(A2+2)-1 by the integral in the right 
hand side of (5). While the latter is something like a phase space factor that 
should be present in every integrated matrix element, the former is peculiarly 


© 
[e 
st 


“JI 


PION CLOUD EFFECTS IN PION PRODUCTION EXPERIMENTS 47 


characterized by the one pion exchange and rather strongly A? dependent. 
Indeed it is 0 at 7=0 increases up to a maximum at 7=10 MeV and then 
rapidly falls off. As a result of the multiplication of these two the maximum 
of the phase space factor is shifted in a considerable way toward the low T 
region. No other matrix element is expected to have such a strong A? de- 
pendence, due to the fact that singularities in the 4? plane are either absent, 
or much more far than the pole in A? — — u?. Therefore we believe that the 
most sure conclusion of our paper is a qualitative evidence of a pion-pion 
interaction. 

To try and get something more than a pure qualitative evidence we have 
fitted the highness of experimental peaks with equation (5) using @,, as an 
adjustable parameter. The resulting values were 


ott nm >nt+r)220 mb, 


I 


on? +n- nm +7-) > 40 mb. 

We want to stress, however, that such numbers are to be taken just as an 
indication of the order of magnitude of the pion-pion cross-sections. Indeed 
we are not able neither to calculate the contributions coming from diagrams 
with final state pion-nucleon interaction, nor to predict the sion of the inter- 
ference terms. On the other hand the pion-pion interaction diagram, if our 
interpretation is correct, should be in any case about as important as other 
diagrams are. Thus we do not believe that the given cross-sections can be 
wrong by more of a factor of ten. 
| Finally, following the ideas outlined in this section, we want to propose 
an experiment from which more detailed information about mz interaction 
should be obtained. It consists of a simple one pion production experiment 
in pion-nucleon collision, but at an energy sufficiently high as to have a 
yeasonable number of events with Q values of both pions with respect to the 
nucleon ranging in the interval (300 +500) MeV. Selection of such events should 
give a sample for which final state interactions between the pions and the 
nucleon should be much less important as in the experiment examined in 
this section. Thus for these events we expect the low A? peak to be well de- 
tectable. 

In the optimistic case that the agreement of the experimental 00/04? with 
the one given by (5) should be rather good, one could go further and divide 
it by 


g( A*) 
2 


Pei FO oie 
(A? L = | ae ) 
(2)? 


The so obtained distribution should be constant or again peaked in the 
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low A? region according to whether the pion-pion cross-section is constant or … 


strongly peaked. In any case the experiment should be a test of the proposed 
idea that the only important elementary interaction in single pion production 
comes from diagrams with pion-pion interaction vertices. 


We are grateful to the components of the Bologna group for having put 
at our disposition all their experimental results before publication. 

We are indebted also with Prof. L. RIDDIFORD for having communicated 
the unpublished spectra discussed in Section 2 and to the Profs. S. FUBINT, 
A. Minguzzi G. Puppi and A. STANGHELLINI for useful comments on this 
work. 

Finally, we want to acknowledge the precious aid of Mister W. KLEIN and 
Miss ©. Petit in the numerical computations. 


RIASSUNTO 


Si propone un semplice modello per lo studio della produzione di un solo pione nel- 
l’urto tra una generica particella «a» e un nucleone. Il modello consiste essenzial- 
mente nel trascurare tutte le interazioni eccetto quella tra la particella incidente e 
un singolo pione virtuale del nucleone. Un’applicazione a un recente esperimento del 
gruppo di Birmingham (!) fornisce una prova in favore dell’ipotesi. Un'altra applica- 
zione all’esperimento del gruppo di Bologna (2?) fornisce la prova qualitativa per l’inte- 
razione pione-pione. I dati sperimentali suggeriscono una sezione d’urto pione-pione 
dell’ordine di 10 mb. Infine si propone un esperimento che dovrebbe fornire informa- 
zioni più dettagliate circa l’interazione pione-pione. 


LETTERE ALLA REDAZIONE 


(La responsabilità scientifica degli scritti inseriti in questa rubrica è completamente lasciata 
dalla Direzione del periodico ai singoli autori). 


A Note on Quasi-Elastic Photon-Deuteron Scattering (°). 


P. FEDERBUSH 


Department of Physics and Laboratory for Nuclear Science 
Massachusetts Institute of Technology - Cambridge, Mass. 


(ricevuto il 27 Aprile 1959) 


The usual way of treating quasi-elastic photon deuteron scattering is with 
the assumption of both the closure and impulse approximations (1). In addition, 
of course, the elementary scattering of photons from neutrons and protons is not 
very well known at higher energies so that even within this framework not enough 
information is available to proceed without further approximations. We have 
examined the question of corrections to the impulse approximation in the energy 
region sufficiently above the deuteron binding energy not to be limited to the deuteron 
Thomson cross section, and fairly below the meson threshold, where the elementary 
scattering is known, and where it turns out that the caleulation is relatively 
simple. 

It is known that at very low photon energy the scattering approaches the deute- 
ron Thomson limit (2). The scattering amplitude used in the impulse approximation, 
however, approaches the Thomson limit for the two free non-interacting nucleons. 
Within the static model it appears difficult to achieve the correct low energy limit, 
except by requiring this limit as in a dispersion relation subtraction, a difficult pro- 
cedure for quasi-elastic processes. We will ignore this problem and use simple 
perturbation theory, allowing a single meson to be exchanged by the nucleons as 
a correction to the impulse approximation where no mesons are exchanged. The 
scattering amplitude so obtained approaches neither the deuteron Thomson limit, 
nor the proton Thomson limit, but even a larger value at low energy. 


(*) This work is supported in part through AKC Contract AT(30-1)2098, by funds provided 
by the U.S. Atomic Energy Commission, the Office of Naval Research and the Air Force Office of 
Scientific Research. 

(2) R. H. Capps: Phys. Rev., 106, 1031 (1957). This paper includes references to earlier papers. 

(2) F. E. Low: Phys. Rev., 96, 1428 (1955); M. GeLL-MANN and M. L. GOLDBERGER: Phys. Fev. 
96, 1433 (1955). 
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The differential cross section with polarization averaged over assumes the form: 


1\ 1 ROSI di È Lf dig @ 2 È 
dall È SU + cos? 0) x} + | Cr) xp?(x) di 
4 2 exp [t(q — k)-a _ 4 8 iP 
ini p liq —k)-a]) eee me 
3 k? — @? 3 (g2 tw) gu? 
OS QU. 0 = scattering angle; 
>= meson mass; (x) = deuteron wave function. 


The y-nucleon scattering has been taken as pure Thomson. Certain terms of order 
(k/u) have been neglected, and a purely /=0 wave function is assumed. Within these 
assumption the angular dependence is the same as that of the Thomson amplitude. 
If one includes terms of order (k/u)?, using the Hulthén wave function, the result 
is an addition of about 15% to the Thomson cross section, as well as a change in 
the angular distribution. 

Preliminary results of y-deuteron scattering in the energy range of 90 MeV seem 
to indicate deviations from the impulse approximation larger than that obtained by 
the present calculation (8). 


(5) D. H. FrIscH: private communication. 
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Une tentative d’éliminer le paradoxe de Landau. 


M. ZAGANESCU 


Institut de Mathématiques et Physique - Timisoara 


(ricevuto il 12 Ottobre 1959) 


Ainsi que LANDAU l’a montré, la 
charge renormalisée de l’électron a comme 
expression (1) 


5 
GQ) ei: 
1 + (ve{/3z) In (A?/m?) 


e, étant la charge non renormalisée et 
A une limite supérieure d’intégration 
(« cut-off ») dans l’éspace des moments. 
Si Pon prend A co, alors même pour 
e, infiniment grande, l’on obtient une 
constante de couplage renormalisée nulle 
et c’est justement ce qui constitue le 
paradoxe de Landau. j 
De (1) il s'ensuit 


où l’on a noté comme d'habitude Z,— e?/eî. 
Cette relation peut être écrite aussi de 
la manière suivante. 


A? II 
(3) XY 
mi ve? 
(1) L. D. LANDAU: On the Quantum Theory 


of Fields, in: Niels Bohr and the Development of 
Physics... W. PAULI, editor. 


où y=1— Z,. On s'aperçoit facilement 
que A?, comme fonction de la variable 
complexe y, est invariante par rapport 
au groupe 


pe? 
(4) Z = y —n2mi — , 
OT 


n étant un nombre entier positif ou ne- 
gatif. Le domaine de discontinuité de ce 
groupe est une bande parallèle à l’axe 
réel du plan y (Fig. 1) ayant la largeur 
Savg/3 où g=e2?/4a est la constante de 
couplage du champ électro-magnétique 
au champ de Dirac. 


date Ol 


Lanpau lui-même a fait remarquer 
que le modèle examiné par lui est in- 
complet, parce qu'il ne considère que 
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l’interaction entre l’électron et le photon 
tandis qu’en realité il peut exister aussi 
d’autres particules, sauf l’électron, qui 
contribuent à la polarisation du vide. 

Nous allons montrer que si l’on tient 
compte aussi des autres interactions pos- 
sibles, le paradoxe de Landau est éliminé. 
Notre hypothèse fondamentale est que 
la nature de l'interaction est déterminée par 
la forme du domaine de discontinuité du 
groupe qui laisse invariante la fonction 
A?(y). En choisissant, d’une manière adé- 
quate, le domaine de discontinuité, l’on 
peut éliminer le paradoxe de Landau. 
C’est ce que nous voulons montrer par 
un exemple. 

Nous avons demontré plus haut que 
l'interaction électromagnetique est ca- 
racterisée par l’invariance de la fonction 
A*(y) par rapport au groupe discontinu 


(6) Z = y — nikg , 


k étant une constante ("). 

En ce qui concerne l’interaction forte, 
divers auteurs (PAULI, DANCOFF, SER- 
BER) ont essayé de remplacer les déve- 
loppements en série suivant les puis- 
sances entières ascendentes de g par des 
développements en série suivant les puis- 
sances de 1/9. 

En partant de cette idée, nous intro- 
duirons une seconde interaction que nous 
nommerons «forte » et qui sera caracté- 
risée par l’invariance du «cut-off» par 
rapport au groupe 


1 m ; 
— (m entier). 


(7) si 
y kg 


1 
7 


Si l’on prend n=m=1 et l’on introduit 
les variables {, 7 définies par 


(*) Ainsi A2(y) est une fonction automorphe 
par rapport à ce groupe. 


les relations (6), (7), deviennent 


(9) te Gee (T}, 
1 1 

(10) = —— Il. (U). 
T t 


D’autre part on peut montrer facilement 
que U=STS où la substitution S est 
definie par 


(11) T=—-, (S), 


Par conséquent, les deux substitutions 
(9), (10) peuvent étre remplacées par 
(9), (11). Mais ces deux transformations 
sont justement les substitutions généra. 
trices du groupe modulaire 


(12) = 


ou a, db, c, d, sont des nombres entiers (?). 

En se rappelant que la fonction mo- 
dulaire J(t) est une fonction automorphe 
par rapport au groupe (12), on peut 
prendre A?=f(J(t)) ou tout simplement. 


3 
(13) APE const J (t) = const na > 
J2— 2793 


1 
(13a) 9g, = (lt) = 60 DI i 


1 
(130) ga = gs (1, t) = 140 5” 


—~ (m+ mt) | 


Le domaine de discontinuité est, cette 
fois-ci, l’un des domaines de la Fig. 2, 
par exemple celui ayant les sommets (*) 
O, 0, 0 (hachuré). 


(*) R. Fricke: Lehrbuch der Algebra, Band 2 
Pali 
7 Sav 1 _ 8a 
(he = SHC UE iV3) 779 
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Fig. 2. 


La fonction A*(y) a un pôle dans le 
point y=0. Par conséquent, pour A? co, 
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y—0 done Z3-+1. Ainsi, dans ce mo- 
déle, le paradoxe de Landau est éliminé. 

L’axe imaginaire du plan y est une 
ligne de points singuliers essentiels de Ia 
fonction A?(y) d'où il s’ensuit que cette 
fonction ne peut être prolongée analyti- 
quement dans le demi-plan gauche. Ainsi 
les. valeurs de Re Z,=1—Rey plus 
grandes que 1 sont exclues. 

Remarquons que si l’on prend le do- 
maine (co, o, 0) comme « fondamental », 
ReZ, peut prendre toutes les valeurs 
réelles comprises entre 1—o et — co. 
Pour Re Z3<0, Im Z3=0, des états 
fantômes font leur apparition. 

Cet inconvénient n'existe pas dans 
le cas du domaine (0, 0, 0) parceque dans 
ce cas 1— o< Re Z3<1, (l—o> 0). 

On peut done éliminer les fantômes 
en définissant d’une manière convenable 
le domaine fondamental. 
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A Possible Explanation for the Multi-Nucleon K° Capture. 


G. ALEXANDER (*), Y. EISENBERG and D. KESSLER (*) 


The Weizmann Institute of Science - Rehovoth 


(ricevuto il 9 Novembre 1959) 


Recently it has been shown (4?) that 
the multi-nucleon K~ capture in heavy 
nuclei plays an important role and that 
about 35% of all K” captures at rest in 
nuclear emulsions (2%) proceed via the 
multinucleon mode. The relative fre- 
quency of this mode was determined by 
a detailed analysis of K= captures at 
rest in nuclear plates. This determina- 
tion based essentially upon the 
observation of fast baryons, which could 
be emitted only if the K was absorbed 
by two nucleons simultaneously (with 
no real pion production) via the reaction: 
K +297 += Y+Q9¢. The best estimate of 
the absolute vield of the 297-captures 
was obtained (?), by assuming charge 
independence, the yield of the 
single nucleon (pion producing) K~ cap- 
tures (2.4), namely K +97 = Y 17. 


Was 


from 


(*) Also from Physics Department, Atomic 
Energy Establishment, Rehovoth. 

(4) European Collaboration Data, M. F. Ka- 
PLON’s Report, Proc. of CERN Conf. (1958). 

(?) Y. EISENBERG, W. KocH, M. NICOLIG 
M. SCHNEEBERGER and H. WINZELER: Nuovo 
Cimento, 11, 351 (1959), and preprints V and VI. 
Bern Emulsion Group (1959). 

(8) European Collaboration Data, reported 
by E. H. S. Burop at the Kiev Conference, 
(July 1959). 

(4) EUROPEAN COLLABORATION: 
mento, 12, 91 (1959). 


Nuovo Ci- 


At the same time it was pointed out 
theoretically (5) that the K~ absorption 
in complex nuclei is expected to take 
place far outside in the periphery of the 
nucleus. This agrees rather well with 
the existing experimental data (1:2). Thus 
it becomes very difficult to explain the 
large fraction of the two nucleon mode 
in nuclear emulsions. 

WILKINSON (6) has suggested an expla- 
nation for the above discrepancy by 
assuming the presence of substantial 
a-particle clusters far outside the core 
of the nucleus. 

In the present note we wish to 
suggest an entirely different explanation 
for the relatively high vield of the multi- 
nucleon capture in complex nuclei, as 


well as some other features of this 
process. 
Our basic idea is that the multi- 


nucleon reaction is a two-step process. 
In the first step the K7 is absorbed by 
a single nucleon forming a resonant 
K-97 state (to be called here X*) with 


Sufficiently long life-time for its wave- 


function to spread over a substantial 
part of the nucleus, and in the second 


CEP By JONES eile Mage 
(5) R. D. WILKINSON: Phil. MMaq., 4, 215 
(1959). 
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step the X* interacts with another nu- 


cleon giving a two-baryon final state, 
namely: 2* +97 >-Y+ 97. The existence 
of a similar resonant state was suggested 
by MarTtHEWS and SALAM (7), in order 
to account for the K -p scattering data 
at low energies. 

The life-time 7 of the resonant state 
is given by 


[SP + (E—BT*. 


If the X* shouldt raverse —10 fermi 
before decaying (t~ (1~+2)-10-? s), a 
total width 77 of ~10 MeV is required. 
A similar width seems to exist for the 
peak at about E,=25 MeV K° kinetic 
energy, in the K -p scattering data (8°). 
The X* life-time at 10 MeV off the center 
of the resonance is reduced only by a 
factor of 2. Thus it still has a good 
chance of making the reaction X2* +97 + 
> Y + QT and about 35% of multi-nucleon 
captures is then not surprising. 

The Q-value of the £* should be 
divided between the two baryons and 
this agrees with the experimentally ob- 
served energy-distribution of the 297- 
interaction products (1#). We thus see 
that an absorption of a K -meson at 
the periphery of the nucleus may lead 
to multi-nucleon capture, provided we 
adopt the idea of the formation of a 
relatively long living &*. 

Some additional experimental infor- 
mation regarding the multi - nueleon 
K--capture has recently become avail- 
able: 

1) the multi-nucleon capture mode 
seems to be almost absent (only about 
1%) in K~ absorptions in deuterium (°). 


2) There is a strong indication (?) 
that in nuclear emulsions, most of the 


(7) P. T. MATTHEWS and A. SALAM: Phys. 
Rev. Lett., 2, 226 (1959). 
(8) M. F. Kapton’s Report: Proc. of the 


CERN Conference (1958). 

(°) L. W. ALVAREZ’ Report on the results 
of the Berkeley H and D bubble chamber groups: 
Kiev Conference (July 1959). 
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K= captures leading to a multi-nucleon 
process occur on the heavy elements 
(AgBr) and very little on the light 
elements (CNO). 

It is hard to find an 
explanation for the above observations, 
by using the ordinary direct interaction 
treatment (2). However, within the fra- 
mework of our model, we may suggest 
a reasonable explanation: the Y* 
mation in D and in the light nuclei 
may be inhibited on energy grounds. 
Y* production in the center of the 
resonance ~ 25 MeV) 
require about 25 MeV+ binding energy 
of the proton +binding energy of the K™ 
in the atom. The required energy (about 
35 MeV in heavy nuclei and 27 MeV in 
deuterium) can only be provided by the 
binding energy of the X* in the residual 
nucleus. 27 MeV binding energy for the 
»*7(-system in deuterium is highly 
improbable, therefore the reaction could 
take place only on the low energy tail 
of the resonance with a corresponding 
reduction in frequeney. The absolute rate 
of the 297-production is thus expected 
to increase with A (for small A) and 


extremely 


for- 


(namely would 


_will probably still be small for He and 


light emulsion nuclei (CNO). 

Finally, we wish to make a few 
remarks about the multi-nucleon 
tion rates. The emulsion (12) as well as 
the bubble-chamber results (°) show 
clearly that the K~-97@ interaction at 
low energies proceeds mainly via the 
T=0 channel, and that only at higher 
relative K-97 momentum the 7'=1 state 
becomes important (2:9:19). It is thus 
reasonable to assume that the K -97 
resonant state occurs for 7-0, namely 
that the &* 
and therefore is formed in K~ captures 
by protons only. The multi-nueleon 
reaction rates for such a case are given 
in Table I. 


reac- 


has a zero isotopic spin 


(109) Y. EISENBERG, W. KocH, E. LOHRMANN, 
M. NIicoLIC6, M. SCHNEEBERGER and H. WIN- 
ZELER: Nuovo Cimento, 9, 745 (1958). 
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TABLE I. — Reaction rates 
from the X* model (with T=0). 


K +nn > +n | 0 | 
Kaccpn => nee DO PU 
=> Munn 3 P? | 
= A +n | Oz 
K+pp>Z*+p>Z"+n | 3P? | 
+> Lp 3 pane 
FOSSA 0? | 
P=<3|Hx]%, @=<4|Hald> | 


(The reaction rates calculated by the 
conventional direct treatment were pub- 
lished before (?)). Thus, if the =* has 
indeed 7=0, the 297 K° captures pro- 
ceeding via the mechanism proposed here 
should not yield % n in the final state 
(see Table I), and the ratio of the reac- 
tions X p/Z*n and A°n/A°p should be 
equal to n/(p —1), namely — 1.3 for the 
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heavy emulsion nuclei. The experimental 
situation concerning the multi-nucleon 
reaction rates is not very clear yet, but 
it seems that the frequency of the 
K~ 297 capture leading to 2 n (if it exists 
at all) is very small compared with the 
Xp yield (13), and that also the ratio 
x" p/Z*n is about 1.5. A rough estimate 
of the A°n/A°p ratio (?) indicates that 
it is also not very different from 1.5. 

We wish to conclude by saying that 
the X* model proposed here explains, 
in a natural way, the observed ratios 
between the various multi-nucleon reac- 
tion rates. It also predicts that this 
ratios should be energy independent. 
In addition to that, the =* model offers 
an explanation for the apparant paradox 
of the high yield of multi-nucleon pro- 
cesses in heavy nuclei in spite of periph- 
eral K~ absorption and in contrast to 


the practical non-occurance of a similar - 


process in the light nuclei. 
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Canonical Variables, Expression for Energy, and the Criteria 
for Radiation in General Relativity (*). 


R. ARNOWITT 


Department of Physics, Syracuse University - Syracuse, N.Y. 


S. DESER 


Department of Physics, Brandeis University - Waltham, Mass. 


C. W. MISNER (**) 


Universitetets Institut for Teoretisk Fysik - Copenhagen 


(ricevuto il 19 Novembre 1959) 


A canonical form for general relativity involving only two pairs of uncon- 
strained conjugate variables has been obtained. We begin with the action 


I = |a Rate , 


expressed in first order form (!): 


(1) VE GR = — 950,04 + N(89) 3 (P9°R+ Ent — nm) + 
+ 27: i; — 2 {(®9)} Nik (mis — 841) pi > 


Here 
ri AG V—39 De — Jim Tra PÉNE he ue ? 


y is the matrix inverse to ÿ;;; these are used to raise and lower latin indices. 
Further, 


fe Joi > N= (= go) , 3g = det Iii > 


(*) Supported in part by a National Science Foundation research grant. The detailed version 
of this work, which consists of two papers, will appear in Phys. Rev., in Vol. 117 or 118 (1960). 

(**) Alfred P. Sloan Research Fellow. On leave from Palmer Physical Laboratory, Princeton 
University, Princeton, N. J. 

(1) We use units such that 16ayc™*=1, c=1. Latin indices run over 1, 2, 3, greek indices 
over 0, 1,-2, 3, and f = 0//0a'. 
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3R the curvature scalar formed from g,; and the bar notation is used for the 
covariant derivative with respect to the g,; metric. Variation of this action gives 
rise to all the usual Einstein field equations in Palatini form. Endpoint variations 


give the generator 


Li 


< : + 10 
(2) G =| dat gd + Te da], 
where the stress tensor terms, 


dr TN Ra 


vanish as a consequence of the constraint equations 


G) =PR,-+E0,=0, 


(obtained from varying Eq. (1) with respect to N, n,). 
We now make use of an orthogonal decomposition of g;; and a according to 
the general scheme 


(3) lg ti EU INIST 


hie 


where 1/V? is the inverse of the flat space Laplacian operator with appropriate 
boundary conditions, 


(4a) RUNE 
(4b) hi ti NS (L/2V2) fos. cael ; 


~ q . “A + . 

and the transverse traceless part of f;;, de., f;;77 (fi; 7 =, fi” =0) is the remainder. 
Such a decomposition is meaningful only when a set of coordinate conditions are 
imposed. We choose the following: 

(5) Gig = 0, (si OE 

General covariance is maintained, since imposition of these coordinate conditions 
is equivalent to using certain invariant functionals of the metric as independent 
variables in place of coordinates (2). These functionals are defined to within 
Lorentz transformations. Conditions (5) imply that we are choosing the funetionals (8) 


(6) es = UNE gt = 2g;, 


as expressed in the frame defined by (5), and ensure that the metric be asymp- 
totically flat. 


() Thus, as is well known, the apparently non-covariant De Donder conditions, (= gg!) 0) 
are equivalent to the covariant statement that four linearly independent scalar functions n° are to 
be used as the coordinates «*, where oh — 0. Such an equivalence between coordinate conditions 
and covariant statements holds for our case and indeed for any other choice of coordinates which 
does not depend on the x of some initial frame. } 

(*) Appropriate boundary conditions have, of course, been imposed on the operator 1/V° in 
order to relate eqs. (5) and (6). A simple procedure making this operator manifestly non-singular 


consists in rewriting eq. (6) as £ exp [— ar] = — (AV?2)x7, x exp [— ar] = 2g; and subsequently taking 
the limit «=0 at the end of the analysis. 
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Inserting the orthogonal decomposition into the generator of Eq. (2), one finds 
after some partial integrations that 


(7) G = | dr [rire ag + gl {(— 1/2V9)a"} — 275,09], 


since both the variation à and the time derivative in the action commute with the 
decomposition. Here g7,; and 7°; may be expressed in terms of dana 
by solving the four constraint equations (4) @°, = 0 for them. We see, therefore, 
that the generator of Eq. (7) is in standard canonical form G = pòq — H dt with 
the additional momentum terms 79; characteristic of a field theory: 


(8) G = | Ba[xti?? 8g,,7" — dt + T0, del]. 


Since x and t do not appear explicitly in the expressions for g;; and 2” they do 
not appear explicitly in the equations G°, — 0. Detailed calculation shows that 
they also do not appear in the solutions for gi and x,;. Thus the quantities 


(9a) A = — ROME usi 4 
(9b) pur be Ag git? i 


do not depend explicitly on the coordinates (5). This coordinate independence allows 
one to derive the standard conservation laws. From Eq. (8) and the fact that the 
action of Eq. (1) reduces to 


(10) = dita [a7 0.955" —H (ni, di J . 


one sees that the two independent pairs of canonical variables are g;;77 and #77. 


These, therefore, obey simple Poisson bracket relations 


(11) Gee ene) MC Tr) 


where the transverse traceless d-funetion, (6”,,,)7", is defined as in linearized theory(f) 
and is, of course, independent of the metric. 

The transformation properties of g,,77, 277 and #— — g” ;; under Lorentz 
transformations are the same as in linearized theory (5). Hence, the Lorentz inva- 
riance of the canonical action, Eq. (10), of the field theory follows from that of 
linearized theory. As a consequence, one can in principle derive a symmetric stress 
tensor obeying the usual law, 7”, = 0. Similarly, an angular momentum conser- 


(4) That Goo 0 has at least perturbation series solutions for 9° di and ati; can easily be 
checked, as can the fact that our coordinate conditions are maintained in such an expansion. The 
Hamiltonian can thus be exhibited as an infinite series in powers of the canonical variables beginning 
with the linearized theory’s Hamiltonian. 

(5) The importance of this requirement in general relativity is discussed in a paper to appear 
in Phys. Rev., 116, (1959) Dec. 1 issue. 

(5) R. ARNOWITT and S. DESsER: Phys. Rev., 113, 745 (1959). 
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vation law holds. 7” is a Lorentz tensor with respect to the Lorentz transfor- 
mations relating different choices of independent variables within our coordinate 
conditions; this is precisely the sense in which 7” is a Lorentz tensor in special 
relativistic field theories. 

The energy 2 of the field is defined to be the numerical value of the Hamiltonian 
for the given solution of the equations of motion. Thus, in the evaluation of 


= fra dx, 


g”;; need not be expressed in terms of the canonical variables and so £ can be 
evaluated as a surface integral (even though the Hamiltonian cannot be reduced 
to this form). From Eq. (4a) we obtain 


(13) B= = ot, as == = Jo Ci à i5,5) VS; > 


a 


where dS, = Le,;, dx’ du is the two dimensional surface element at infinity in 
rectangular coordinates. We have assumed that the metric becomes asymptotically 
flat and the coordinates rectangular at spatial infinity. Coordinate transformations 
preserving these boundary conditions can there be rigorously treated by the linearized 
theory where g’ is a coordinate scalar (6). Thus, it is not necessary to express the 
metric in the canonical coordinate system to evaluate the energy; neither is it neces- 
sary to use rectangular coordinates provided one makes the usual flat space tensor 
transformations to the desired (e.g. spherical) coordinates. This definition effectively 
states that the energy of a closed system may be obtained from the coefficient of 1/7 
in the asymptotic expansion of g”. It is also the gravitational mass of the system 
as seen by a distant test particle (due to the boundary conditions). The constancy 
of the energy insures that this coefficient is time independent. Eq. (13) holds 
without modification when a point particle is coupled to the gravitational field; 
E now represents the total energy of the coupled system. For the simple case 
of the Schwarzschild metric one of course finds that the energy is the mass parameter. 

It is a basic criterion for the energy and momentum of a closed system that 
they involve only those quantities required to specify the state of the system at 
a given time. For general relativity these variables are g,; and x when no coordi- 
nate conditions are employed (7*), but do not include, for example, go, which serve 
to describe how the coordinates will be chosen at a later time. Our expression for 
the energy satisfies this condition. Analogous considerations to the above hold 
for the total momentum of the gravitational system where again a’ is a coordinate 
scalar in the asymptotic region. An example of an initial value problem where Jou 
is not determined is the «many body » spatial metric of Lichnerowiez (125) 


(14a) Gi = dll + Dex, /2 


r—a, | i > 

(14)b mi = 0, 

Here Eq. (13) yields unambiguously the value Y«, for the energy. 
(7) Y. FouRES-BRUHAT: Journ. Rational Mech. Anal., 4, 951 (1956). 


(*) See also C. W. MISNER and J. A. WHEELER: Ann. Phys., 2, 589 (1957). 
(°) A. LICHNEROWICZ: Journ. Math. Pure Appl., (9) 28, 37 (1944). 
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Our formalism also allows us to establish the criteria for the existence of gravi- 
tational radiation; these are in exact correspondence to those of electromagnetic 
theory. Thus, the condition for radiation escaping to infinity is stated in terms of 
the Poynting vector there. The energy flux across a surface element dS; at 
infinity is (1) 


(15) T,AdS, = — ni, ds; , 


where, again the right hand side may be evaluated in any asymptotically rectan- 
gular coordinate system. More generally, the criterion for the existence of gravi- 
tational «waves » at any point is the presence (in the canonical coordinate frame) 
of a non-vanishing g;;77 or 27? there. Alternately, such a situation means that 
there exists an excitation of the gravitational field in one of its canonical variables 
(which are independent of the source variables). This is identical to the electro- 
magnetic definition of a wave, which requires tlie existence of A,” or H,*, the 
canonical variables of the electromagnetic field. In the obvious case where no waves 
are expected to exist, namely the Schwarzschild solution, one can verify that GEA 
and 7 vanish everywhere in the canonical frame, which justifies its being 
regarded as a «one-particle » solution. 

It is hoped that the reduction to canonical form here obtained can be paralleled 
in quantum theory. 


Hk ok ok 


We wish to thank the Gudhjem, Bornholm, School Commission for their 
hospitality in providing us with working space while this investigation was performed. 


(2) In Ea. (15), we have used the momentum density 7°; in place of the Poynting vector 7. 
With the stress tensor used here, these may differ from each other by a divergence of canonical 
variables, since the symmetry requirement was not imposed explicitly in obtaining 7%. 
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The Influence of the Anomalous Moments of the Baryons 
in the Decay of 7° in two y Rays. 


A. H. ZimERMAN 


Instituto de Fisica Teérica - Sao Paulo 


(ricevuto il 23 Novembre 1959) 


Sagara and TANIKAWA (1) were the first to notice the possibility of a rapid 
decay of the r°-meson in two y-rays through the virtual creation of a proton- 
antiproton pair. Their estimation gave — for the lifetime of the 7° at rest, the 
value 7—10-16 s. Later, other authors (2) studied the same problem from a more 
general point of view and recently KixosHIrA (*) and Tromno (4) have considered 
the inclusion of intermediary pairs of hyperons in the decay of 7°. 

MARSHAK (°) in his book asked about the influence of the anomalous magnetic 
moments of the intermediary nucleon pairs on the lifetime of 7°--2y decay and 
presumed that it could be small. Our purpose here is to study the influence of the 
anomalous magnetic moments of the intermediary pairs of baryons. 

The interaction hamiltonian density of a fermion field with charge e and anom- 
alous magnetic moment Æ with an electromagnetic field A, is given by: 


ee la 
(1) H= leva va) tv) 
where A is the mass of the fermion, 
1 CA oA 
Ow = 5 (y Vy = y. y ) and F <= —: se — 3 
un 9; u vi py da, Ox, 


For the interaction between meson 7° and baryon fields, we shall assume the 
density: 


(2) H'= figgrnlpysp —nysn] + tgp, n[2°y; 49] + 
sa Ge yee = DI yet] TT (Gan Ey, 30 Ey. je. 


(*) S. Sakata and Y. TANIKAWA: Phys. Rev., 57, 548 (1940). 

(*) R. J. FINKELSTEIN: Phys. Rev., 72, 415 (1947); J. STEINBERGER: Phys. Rev., 76, 1180 (1949); 
H. FUKUDA and Y. Miyamoro: Progr. Theor. Phys., 4, 347 (1949). 

() T. KINOSHITA: Phys. Rev., 94, 1384 (1954). 

(*) J. Tromno: Nuovo Cimento, 6, 255 (1957). 

(°) R. E. MARSHAK: Meson Physics (New York, 1952), p. 143. 
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THE INFLUENCE OF THE ANOMALOUS MOMENTS OF THE 
The matrix element which corresponds to the decay of 7° into two y-rays with 
four momenta K,, AK, and polarizations e, and e, respectively, through a baryon 


pair of mass M, is given (apart from trivial factors) by 
| i(p —k,) — M l pre lola 
3) MA=|dpS —_- — (e Ko) ————~ k 

(3) pep È — hy)? + M? (€92 + %1€2K2) p+ M? (e + %€)K;) PER? my? 


2 


with 

/ k 
(3°) = 

It is not difficult to show that: 


(4) Sp [{i(p — ka) — M}(es+ ake) {ip — M}(e; nn %1€1K1) {i(p a M}; | = 
M(1+ 2iMa, — «?p?— af M?) Sp [eskse,k1y;] + 


do (sp? + M?)[Sp (e,pe,k,y5) + Sp (Degksesy5) | 


This expression shows that the polarizations of the two photons are perpen 


dicular to each other, so we can put: 


(5) ky = &@(y3 — Va); ka = @(— V3 — Va), 


where è is the photon frequency. 


We get: 
(6 A= dz dy | dp {8 Mo? (1+2ì Ma =o, M? )—8ia, (0 n?+ M?)p.—-8aî Mo? py 
Del Lp? + 2pr(k, — ky — kyy) + M°P 
Using: 
( 2q4 ja? in? 
(7) Re in? D(a?) un + 1? si , 
[(p — 1}? + aj 2 24° 
20, d# 3 in? 5 
(8) RA EE ele 
[(p—D2?+a2% 2 TONE: 
where: 
1 di» AB E a? 
(9) D(a?) = - EEE oye es ees 
dal (Rd) a? (Pa AP 


is a logaritmically divergent integral; A is a cut-off momentum and we obtain (*) 


4 22 
TT [1 + iMon + Zio, M — of M*) D(M®)] 


(10) Ve 
(*) Expressions (3), (4), (7) and (8) show that .# is gauge invariant 
en 32 - Il Nuovo Cimento. 
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The usual expression for the lifetime of 7° + 27 decay through a proton-antiproton 
pair is given by: 


1 a \? we g \ 2 
(11) == |= ly 
t \4n) 4n\Mq 


where 4 is the meson mass and « the fine structure constant. 
The formulas (1), (2) and (10) show that in order to obtain the corrected life- 
time we must make the substitution: 


0 g : 2 (/ hk? 
(12) Ge) le | (run tes DO] + 


Ma) \Ma 2 2 2 
| Gar |k(2) WZ) ee eee EE) AD US 
are È n k(X+) — k(27) + Eee So D( My) 


ae beh. e RE) A) | 
fen ee CE iS = DEUS); 


Here we have neglected the mass difference between the components of each 
baryon multiplet. 

Now for the pion-baryon interaction we shall take gà7-=9%n=9tn= 9A and 
the anomalous magnetic moments of the baryons will be given by (in a static 
approximation): 


(13) k(p)=—k@= k(2*) = — K(20) = KEY) KE) = 1.7, 
ANSE CANON 


if we neglect the kaon contribution and the mass difference (1° and 2 with the 
same parity). 
Using the experimental value g%./4n—15, we get for (11), 7— 4.5-10-17 s. 
Because of the inclusion of other baryons in the intermediate states and also 
their anomalous magnetic moments, the lifetime + given by (11) will be modified 
according to the substitution (12). We can write: 


(14) TIRATE 


With the values (13) for the anomalous magnetic moments and the values of 
the masses Mg7=1837, My= 2335, Ms=2580 in electron mass unit, we obtain 
the following set of values for A, according to the relative signs of grz and gax to Jon: 


(a) Po ME ee eee ey 
IT IM x ù 
JS JE 2 

a Jin Emo 4 Noto 
= Te 14.5 

(15) 

gs dz 

(6) un Jen = A~4, 
IN« IM: 
95 Iz 

(a) ey Senio 0. 
IN ID 
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We used D(Méz), D(M%) and D( M2) given by (9) with A=Mgz. We have also 
considered k(p) = —k(n)= 1.8, kK(2*)= —k(27)=1.5 and h(E) = — k( 2°) = —1.3 
which follow from a static theory where we consider the experimental masses of 
the hyperons. The results (15) practically do not change. 

The case (4) corresponds to Gell-Mann’s model (5) while (d) to Tiomno’s (7) one. 
For more generality we consider also the cases (b) and (c). In ref. (4) it was con- 
cluded that the lifetime of x°—2y for the possibilities (a) and (d) would increase 
by a factor of 10.) We see that this factor is reduced to 1/15 and 3 respectively, 
showing now a pronounced difference between Gell-Mann’s and Tiomno’s models, 
which is not apparent in the case where we do not consider anomalous magnetic 
moments of the baryons. We see then that if cases (b) and (c) do not hold, the 
measure of lifetime of 7°--2y decay could decide between the two models in a 
clear way. 

But to have more definite conclusions it should be necessary to have more exper- 
imental data about the pion-baryon interactions as well as the values of the 
anomalous magnetic moments. 

* OK OK 

We wish to thank the colleagues of our Institute and also Prof. J. Tromxo for 

interesting discussions. 


(5) M. GELL-MANN: Phys. Rev., 106, 1296 (1957). 
(7) J. Tromno: Nuovo Cimento, 6, 69 (1957). 
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L and M Conversion Ratios in “Os and *’Pt. 


L. MARINKOV, M. Muapgenovié, R. Srepré and M. ZUPANÜIÉ 


«B. Kidrich» Institute for Nuclear Sciences - Belgrade 


(ricevuto il 14 Dicembre 1959) 


We have measured the internal conversion spectra of 12Pt and Os with a large 
(50 em radius) iron-free double focusing spectrometer. In those cases where it was 
possible to separate £ lines and no other lines were superposed on them, an excel. 
lent agreement was obtained with SLiv’s (1) and Rose’s (2) theoretical values. 

Table I gives the results for the 205 keV transition, going from the first excited 
state into the ground state of even-even nuclei 20s. It should be pure £2. The 
agreement with theory is very good. 


TABLE I. — Theoretical and experimental L, : L, : Ly ratios for E2 transition. 


| | | 


y-ray energy 


(keV) | Theory | Experiment 
Es a = 
205.7 1: 3,01 : 2,01 1:(2,9+0.1) : (2,040.1) ‘ | 


For higher energy lines it was not possible to separate completely L, from La, 
but L3 was separated. For that reason we compare (L,+Ls)/Lz ratios. Again the 
agreement is excellent as shown in Table IT. 


Tapre II. — Theoretical and experimental (L,+Ly)/L3z ratios for E2 transition. 
| y-ray energy nas alte 
| (keV) eory Experiment 
a Ser = a3 2 
295.9 | 2.97 3.04 0.2 
316.4 3.23 3.2+0.1 
467.9 5.48 5.5+0.3 


( 
(2 


1) M. E. Rose: Internal Conversion 
) 


Coeficients (Amsterdam, 1958). 


L. A. SLIV and I. M. BAND: T'ablici koeficijentov unetrejnej konversii, Ahad. Nauk SSSR (1958). 
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The 316 keV transition goes from the first excited state of even-even 12Pt and 
should be pure #2. 


Table III shows that for two cases of mixed transitions Z,/L, and L/L, give 
the same percentage of M1 admixture. This indicates that precise measurements 
of L ratios can give reliable information on mixtures. 


TABLE III. 
y-ray Ires Mixture 
ENC gia pe TE et ml ces 7 | SEE ni si 
(keV) Theory 22 | Experiment ae aes Lalla 
136 1:8.9:6.7 123.22-2017)c (2.301) 20% M1 | 20% M1 
201 | 1:3.00:2.00 | 1:(1.67+0.05):(1.07 40.01) TE Ell NOS Za 


The M lines were measured for 205, 295 and 316 keV. It was not possible to 
separate the lines completely, so that a graphical separation was made. The agree- 
ment with Rose’s theoretical values is generally better 


than 10%. The results 
are given in the Table IV. 


ABLE VE 
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NON MEM, | M,: Mi (M, + M,)/ MM, 
energy | __ A TUE PA PACA PURE LEE | i i 

(keV) Theory | Experiment | Theory | Experiment | Theory | Experiment 
205.7 | 0.27 | 0.29 +0.03 0.38 0.4440.05 | 18 | 19+0.1 

_ | | — | — | 

295.9 0.46 | 0.49+0.05 0.79 0.86+0.04 | 2.5 2.7+0.1 

2 Ps | | LE se | 
316.4 | 0.50 | 0.55 +0.01 0.93 1.06 +0.06 2.8 | 2.9+0.2 
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A Fast Hyperfragment Produced by a Heavy Primary Cosmic 


U. CAMERINI (**), W. F. Fry, T. Groves and H. Huzita 


University of Wisconsin - Madison, Wis. 


(ricevuto il 21 Dicembre 1959) 


AME 


non-mesonie to 


order of magnitude of the 
mesonie ratio has been 


measured for several species of hyper- 


fragments. With this ratio as well as 
the branching ratio of the mesonic 
decays and a determination of the 


lifetime, it is possible to find the partial 
decay rates of the various modes. This 
decay rate should throw light on the 
influence of nucleons on the strangeness 
violation in the decay. The effect 
should be greater for heavy hyperfrag- 
ments (A > 4, Z > 2). The difficulty in 
attempts to measure lifetimes in emul- 
sions is that the mean energy of the 
hyperfragments produced by K7-mesons 
and pions is so low that the moderation 
time is a very small fraction of the 
lifetime. Although the stopping power 


(*) Supported in part by the U.S. Atomic 
Energy Commission Contract no. AT(11-1)-64, 
and in part by the University of Wisconsin 
Research Committee with funds provided by 
the Wisconsin Alumni Research Foundation. 

(**) On leave of absence from Centro Brasi- 
leiro de Pesquisas Fisicas, Rio de Janeiro. 


of bubble chambers is considerably less, 
the spatial resolution of these devices 
is such that the heavier hyperfragments 
can not be seen or identified. For these 
reasons it seems possible to measure 
lifetimes of heavy hyperfragments only 
in emulsions. 

In an attempt to achieve higher 
nuclear excitation energies in interac- 
tions and correspondingly more energetic 
hyperfragments, a search has been made 
for hyperfragments produced by heavy 
primaries from the cosmic rays (Z > 3). 
A stack 6 in. x 12in., G-5 600 um, Ilford 
nuclear emulsion, which was flown over 
Texas for 8 hours above 104000 ft. has 
been scanned for entering heavy prima- 
ries; these were followed until they 
either interacted or left the stack. 
A total of 141 interactions of heavy 
primaries (Z>3) were found. All out- 
going tracks from the interactions with 
ionization greater than about 4 times 
minimum were followed for 5 mm or 
until they stopped except for those 
tracks which were in the central cone, 
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and which were followed for 10 mm. 
Fight examples of secondary stars were 
found which were interpreted as inte- 
ractions in flight of stable fragments. 
One event was found which is interpreted 
as a decay in flight of a 4H, 

A description of this event follows. 
The primary star was produced by a 
heavy primary, probably carbon. The 
track of the hyperfragment is nearly 
black (ionization corresponding to that 
of a proton of 18 MeV) and after 2.2 mm 
there is a change in direction of 63° 
and a reduction in ionization to that 
of a proton of 115 MeV. The angle 
between the directions of the heavy 
primary and the hyperfragment is 30°. 
The multiple scattermg and gap meas- 
urements along the connecting track indi- 
cate a mass equal to 36007) MeV. 
This together with the marked decrease 
in ionization at the decay point, identity 
the connecting particle as a *H,. The 
characteristics of the hyperfragment are 
summarized in Table I. 
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TABLE I. 
Characteristics of hyperfragment. 


| Length of hyper- 
fragment track 


2250 um 


Charge of connec- 
ting track 1 (by 6 rays) | 


Mass measurement | 360072 | 
| En 


Energy at time | — 70 MeV | 
of decay 


4H, = p + 3n 
115 MeV 
(96 MeV in c.m. 


Decay mode 
Proton energy | 


from decay 


mn 
_ 


Time lived 


| 0.37-10-% s 
OK ok 


The 


Professor M. 


authors are very grateful to 
SCHEIN for his 


loan of the processed emulsion stack. 
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Risultati preliminari della determinazione dello spettro di bremsstrahlung 
dell’Elettrosincrotrone di Frascati. 


G: DIAMBRINI 


C.N.R.N., Laboratori Nazionali di Frascati 


A. S. FIGUERA e A. SERRA 


O.N.R.N., Divisione Elettronica - Roma 


B. RISPOLI 
C.N.R.N., Divisione Elettronica e Istituto di Fisica dell Universita - Roma 


(ricevuto il 28 Dicembre 1959) 


Sono dati i primi risultati sperimentali relativi alla determinazione dello spettro 
del fascio di bremsstrahlung dell’elettrosinerotrone di Frascati. Il fascio viene pro- 
dotto nel sincrotrone dal frenamento di elettroni, con energia Æ,—1000 MeV da 
parte di un convertitore di tantalio. Gli elettroni, raggiunta tale energia, vengono 
fatti spiralizzare verso la parte interna della ciambella fino a che urtano il conver- 
titore posto a 4em dall’orbita principale; l'ampiezza finale della radiofrequenza 
viene diminuita secondo un andamento che garantisce un tempo di collisione degli 
elettroni sul convertitore, di circa 2.5 ms. La distribuzione di intensità in funzione 
dell’angolo di emissione dei fotoni segue l’andamento previsto dalla formula di 
SCHIFE (*). L'ampiezza angolare a mezzo massimo è di 3.5 mrad. 


per 10600 


560 1700 1888 815 


3000 —— + 


Fig. 1. — Disposizione sperimentale. 


() L. I. SCHIFF: Phys. Rev., 70, 87 (1946). 
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La disposizione dell’esperienza è mostrata in Fig. 1 dove: 


T è il convertitore di tantalio dell’elettrosincrotrone, il cui spessore è s—0.13 lun- 


è 
ghezze di radiazione; 


C un collimatore di piombo di lunghezza =30 cm e con diametro d=38 mm; 
il semiangolo accettato è 1.8 mrad; 


> 


P un magnete pulitore, nel cui intraferro esiste un campo B=15kG; 

G una guida cilindrica in cui è praticato un vuoto di 0.1 torr; 

S lo spettrometro a coppie la cui descrizione particolareggiata è data altrove (?); 

R il convertitore dello spettrometro, costituito da un disco di alluminio del diametro 
di 6 cm e di spessore d=1.08-10-* lunghezze di radiazione; 

M un monitore costituito da un quantametro ad assorbimento totale; 

A,A,A, e B,B,B i telescopi di contatori a scintillazione, posti in posizioni tali da 
rivelare solo le coppie simmetriche di elettroni (*). 


La selezione in energia delle coppie viene effettuata variando il valore del campo 
magnetico, nell’intraferro dello spettrometro, da 1 a 10kG. La precisione con cui 
è determinata l’energia delle traiettorie è di +3%,. L'intervallo percentuale di energia 
accettata dai telescopi è AE/E=2.7%. Le uscite dei contatori 4,4,4, del tele- 
scopio A e dei contatori B,B,B, del telescopio B sono collegate rispettivamente a 
due circuiti di coincidenze triple con un tempo di risoluzione 7=6 ns. 

Le uscite delle due coincidenze triple sono inviate ad una coincidenza doppia 
simultanea e ad una coincidenza doppia ritardata con tempi di risoluzione 7—10 ns. 
Si ha così la possibilità di misurare il numero di coincidenze dovuto a coppie sim- 
metriche di elettroni e contemporaneamente il numero di coincidenze spurie dovuto 
a coppie asimmetriche e quelle accidentali dovute al fondo. | 

Il quantametro ad assorbimento totale, del tipo descritto da R. R. WILSON (4), 
dà un’informazione integrale dell'energia trasportata dal fascio rivelando la carica 
elettrica 


Eo 
Q=q|EN(K)dK, 


0 


corrispondente a 0/q MeV di energia irraggiata, essendo g—2.07-10-!9 C/MeV una 
costante caratteristica dello strumento e N(K)dK il numero di fotoni di energia 
compresa fra K e K+dK. 

Nel seguito si danno i risultati sperimentali della funzione « intensità della radia- 
zione di bremsstrahlung » definita da 


K 
| KEN CEO) 
E 


0 


dove E, è l'energia massima degli elettroni. 


(2) G. BoLoGNA, G. DIAMBRINI, A. S. FIGUERA, U. PELLEGRINI, B. RIsPOLI, A. SERRA e R. TOSCHI: 
Nota interna n. 17 dei Laboratori Nazionali di Frascati (28 Settembre 1959). 

(®) Le posizioni dei contatori sono state determinate mediante misure fatte con la tecnica del 
filo e controllate mediante il calcolo delle traiettorie. 

(4) R. R. WILSON: Nucl. Instr., LORS 7) 
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Si può ora calcolare che il rapporto tra le intensità relative a due energie X,, K, 
dei fotoni è dato dalla espressione 


IE, (K,,/E) Vo ING a (Sip a= 185) 0,(Ko, ) din OK? 3) 


sh 
2 
ai 
2 


) > (Kn, 3) 


if (Ky/Bp) È ON NS e) GCs 


dove N,, N, rappresentano il numero di coincidenze contate alle energie KH, e Ky; 
S,, So sono le coincidenze dovute a coppie spurie; #,, FP, sono le coincidenze dovute 
al fondo, N, — (S,+F,) e No- (Soto) rappresentano quindi il numero di coppie 
simmetriche prodotte rispettivamente da fotoni di energia A, e Ky; o,(K,, 5), 
CU Ko; 4), © 0,(Kn.3), 0;(K,,4) sono le sezioni d’urto di produzione di coppie (?) 
nel campo del nucleo e nel campo dell’elettrone, per coppie simmetriche e per fotoni 
di energia Ky e K,; 0,0, sono le cariche liberate nel quantametro dal fascio + (9). 

Si procede così alla misura del rapporto 1,/1, in funzione della energia Æ, dei 
fotoni. La dose scelta per ogni singolo conteggio è di — 1.4-10' quanti-equivalenti 
corrispondenti a 3:10-6 C. 

Ogni conteggio è stato ripetuto da 5 a 10 volte. Per minimizzare le coincidenze 
spurie si è mantenuta l’intensità del fascio non superiore a circa 10! quanti 
equivalenti/minuto dopo la collimazione. Im queste condizioni sperimentali la ripro- 
ducibilità del numero di conteggi è dello stesso ordine di grandezza dell’errore stati- 
stico percentuale: 


4110 
IE, à 


Vv 


I dati sperimentali sono riportati nella Fig. 2. La intensità di bremsstrahlung 


a T L Ù + st zi + + + à — 
OR ea e EG o aa a 1 Musk 
0 
Fig. 2. — Spettro di bremsstrahlung. Teorico (Bethe e Heitler + Wheeler e Lamb). - - - Teorico 


corretto per lo scattering nel convertitore dello spettrometro e pe 


r le dimensioni verticali finite dei 
contatori. ——— 


Teorico corretto per il potere risolutivo finito dei contatori. + Dati sperimentali. 


Uni 


RISULTATI PRELIMINARI DELLA DETERMINAZIONE DELLO SPETTRO ECC. 203 


N 


misurata a 700 MeV è stata fatta coincidere con il punto della curva teorica 
normalizzata calcolata per E,=1000 MeV. 
In Fig. 2 è riportata (curva a tratto pieno) la espressione 


K al 
b(u) = pale a 


in funzione di wu=K/H,, dove o,(K,u)dK, og(K,u)dK sono le sezioni d’urto di 
bremsstrahlung calcolate da Berns e HEITLER, e WHEELER e LAMB nei lavori citati (3). 

La curva tratteggiata che si discosta da quella a tratto pieno nella regione delle 
basse energie dei fotoni, è ottenuta sottraendo alla curva teorica di bremsstrahlung 
le perdite di conteggio dovute allo scattering degli elettroni nel convertitore di allu- 
minio e alla dimensione verticale finita degli scintillatori plastici (7). La curva a 
punti e linee in prossimità dell'energia massima rappresenta la correzione dovuta 
al potere risolutivo finito in energia dei contatori (AH/H — 2,7%). 

Come si vede dalla Fig. 2 l'andamento della curva sperimentale si discosta da 
quello teorico relativo ad un convertitore infinitamente sottile alle alte energie; più 
precisamente si osserva che per 0,85<u<1, i punti sperimentali sono tutti al di 
sotto della curva teorica. Tale effetto può essere attribuito alle seguenti cause: 


1) Gli elettroni che urtano il convertitore per un tempo di 2,5 ms hanno una 
indefinizione in energia del 0,8%. Inoltre una piccola percentuale di elettroni può 
investire il convertitore prima di aver raggiunto l’energia finale di 1000 MeV. 


2) Lo spessore finito del convertitore y produce una ulteriore indefinizione 


in energia degli elettroni prima dell’irraggiamento. 
3) La collimazione tende a diminuire lo spessore efficace del convertitore. 


Misure e calcoli per valutare il peso delle varie cause sull'andamento sperimentale 
dello spettro sono in corso. 


6) H. BETHE e W. HEITLER: Proc. Roy. Soc., A 146, 83 (1934); J. A. WHEELER e W. E. LAMB: 
Phys. Rev., 55, 858 (1939); H. Davies, H. A. BETHE e L. C. MAxXIMON: Phys. Rev., 93, 788 (1954). 

(°) Le misure sono state generalmente riferite alla stessa dose cosicchè risulta Qo — ©,. 

(7) Non si è tenuto conto della perdita di conteggio dovuta all’angolo di emissione delle coppie 
di elettroni. 
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Note on the Effect of the Nuclear Energy Gap 
on the Optical Model Potential. 


J. SAWICKI 


Department of Physics, University of California - Berkeley, Cal. 


(ricevuto il 28 Dicembre 1959) 


Recently some effects of the strong nucleon-nucleon correlations in nuclear matter 
on the optical model potential have been examined using the Watson theory and 
Jastrow type wave functions (!). The correlation wave functions introduce the 
non-degeneracy effect of the Fermi gas espressed both in the exclusion principle 
operator in the t-matrix of the scattering pair and in the nuclear wave function. 

On the other hand, the Bardeen, Cooper and Schrieffer theory of superfluidity 
of systems of fermions has been extended to nuclear matter and finite nuclei by 
a number of authors (26). In particular, the BOS type pairing forces seem to be 
responsible for the pairing energies and the well known fact of the energy gap in 
even-even nuclei. The aim of the present note is to give an estimate of the effect 
of the pairing correlation on the optical model potential. 

Recentrly Gor'Kov (7) presented a Green’s function type of derivation of the 
results of the BOS theory and MiapaL (5) extended this phenomenological model to 
arbitrary systems of quasiparticles with the particular application to finite nuclei. 
He also presented a calculation of the nuclear moments of inertia. Migdal’s method 
seems to be more straightforward and more practical than the canonical transfor- 
mation method of BeLyAEV (5) for computing the intrinsic properties of interacting 
systems of fermions with the energy gap. It allows calculation of any higher order 
corrections introduced by perturbation interactions of the type of the impurities 
in superconductors. A number of applications to some intrinsic properties of finite 
nuclei is the subject of a future publication. 

The essential point of Migdal’s method is the use of the single particle mixed 


(*) J. DABROWSKI and J. Sawicki: Nucl. Phys., 13, 621 (19/50) 

(°) A. BOHR, B. R. MOTTELSON and D. Pines: Phys. Rev., 110, 936 (1958). 
(8) V. G. SOLOVIEV: Nucl. Phys., 9, 655 (1959). 

() V. G. SoLoviEV: Nuovo Cimento, 10, 1022 (1958). 

(©) S. T. BELYAEV: Mat. Fys. Medd. Dan. Vid. Selsk., 31, no. 11 (1958). 
(5) A. B. MiGDAL: Zurn. Éksp. Teor. Fiz., 37, 249 (1959). 

(7) L. P. GOR'KOV: Zurn. Eksp. Teor. Fiz., 34, 735 (1958). 
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density matrix related to the single particle Green’s function as: 


‘ 1 
(1) e(r,r')=—iGr,r',tT=t-t)|_o= —|G(r,r'e)de, 
Qui 
o 


where the contour of integration © is the real axis plus upper half plane semicircle. 
The Green’s function refers to a system with a d-function type weak pairing force 
and characterized by an energy gap A. Using the usual prescription for defining 
the poles one finds in the simplest case of no additional perturbation force present: 


Ey — À | 
a A) AS 


È 
iv 
5, 

Lf) 
= 
| 
| 

RES 
e 

| 
os 

2 


where &,'s and g,s are the eigenvalues and eigenfunctions of a selfconsistent single 
particle hamiltonian, À is the chemical potential, and A is the constant gap. 0, of 
eq. (2) correspond to the squared coefficient of the canonical trasformation of 
BeLvyAEV (5) =V}. If the number of particles in the system integracting through 
the pairing force is N, then 


1 ey — À 
(3) oe 3(1—- nue =): 
rie Ve, — a)? + 45 


which is the equation to determine the chemical potential 1. 
Using Watson’s theory and dropping the cluster terms one can write the generally 
nonlocal optical model potential in momentum space in the form: 


(4) {leo V | leo} Ja dk, (koi | t| ko. (Ko K)(27) +- 


fard exo Li r—kir r')jo(r r, Po 


where 7 is the effective antisymmetrized ¢-matrix of the interacting pair; ky, ko, 
and k,, k, are the initial and final momenta of the projectile, and of the target par- 
ticle, respectively; k,, and ko; are the relative — and K,, and Ki, — the total momenta 
of the respective states. In the case of infinite medium ¢,=h?x?/2M takes on the 
role of e, and o(r,r’) is a function of |r —r'| only. We find: 


(5) o(r —r') = sears] oe exp[ix(r —r’)|dx , 
_ 1 & — A | 

Da (x) = == — |. 

ca ì 2\ V(e,— A)}+4? 


The factor 4 stems from the assumed degeneracy in spin and isotopic spin, i.e., the 
same energy gap for all the spin states and for neutrons and protons. This is a 
crude assumption to give an idea of the effect. The chemical potential is to be 


505 


506 J. SAWICKI È 


determined from the equation: 


(co) 
Te | ae Ih 
6 Do = =— | x dx0(x) 
( ) co Ce. E 
0 


The optical potential now becomes: 


(7) <k | V |ko) = 6(ko— he) V (Ko) » 


z = (Eo- 
(7a) HUE 1] xe DA 


Si ko + x o(x) » 
Here 7 is the on-energy-shell diagonal 7-matrix. The dependence of V(k,) on A is 
two-fold: a) the exclusion principle operator Q(kç, k,) involved in the intermediate 
states occuring in the integral equation for the t-matrix has to be replaced by 
atts, k,) =(1 — g(ko) (1 — o(ky)) ; 6) the density factor o(x) in eq. (Ta). The effect a), 
, that of © —O on the 7-matrix, was examined for the particular numerical case 
“ae below and found to be negligible. It turns out that for the YAMAGOUCHI 
separable potential discussed in (8) the effect of the Q-operator on the imaginary 
part of the optical potential V, is not very important (it reduces V, to 75% of its 
value with no Q present for k=1.5k,, 89% for k=2k,, and 91% for k=3k,). 
The effect of Q on the real part of the potential is more tanner: for that parti- 
cular case at medium energies. In order to estimate the effect b) Yamagouchi ¢-matrix 
is used and the @-operator, and consequently the total momentum dependence are 
suppresed. In the absence of Q we can write: 


l6a 3 i ~ D : 
(8) V (ko) = — KH | dext(k,x) ir SVI (v + 20)? — Xe, |? + (Ales)? 
= 
0 


| V[ (© - 2a)? ERE =e (A/e,)? a 


where v=ko/kz, w=k/kp, ep=h°k,/2M. In the case of no energy gap present eq. (8) 
reduces to the familiar form: 


4(Y +1) 
a IU Ga 
(9) Valea) eee dext(Ik_x)[1 —v° + 4yx — 4x2]. 


kv-1) 


The average energy was taken for a heavy nucleus (238U) from MIGDAL (à) 
A=(A —Z/A)A, + (Z/A)A, © 0.73 MeV. 1 is to be computed from the equation 


(10) 1 = far Pi —Afea) BL ) | 
a \ V (a? — as (Aje,)? 


(*) L. VERLET and J. GAVORET: Nuovo Cimento, 10, 505 (1958). 
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As a results of the smallness of (4/e,)? the value of is very close to ¢,, particularly 
for a high density, i.e., a large k,. The low density case was taken (kp=1.25f7) 
as for higher densities (k,— 1.4f-1) the effect is entirely negligible. Tt turns out that 
for kj=1.5k, the difference between Im V(k,) of Eq. (8) and Im V,(k,) of eq. (9) 
is less than 1% and, in fact, negligible. A similar situation holds for the real part 
and for higher energies. This result is essentially independent of the particular 
choice of the potential and originates from the smallness of the quantity (A4/e,)°. 

We conclude that the effect of the energy gap on the optical potential in the 
case of nuclear matter.is negligible. In the case of finite nuclei there may be effects 
associated with the nuclear surface (i.e., the derivatives of the density) such as the 
spin-orbit coupling for which the energy gap may be important. In the case of 
spherical nuclei the single particle density is of the form: 


1 Em — A DAT Peer = 
(11) o(r) = DEL ba = = | de ZE [Nu Rar) P , 
nl À V (En, — À)? + A? 41 


where N,,R(r) is a normalized radial shell model wave function. In the case of 
spheroidal nuclei characterized by Nilsson’s «intrinsic » functions (*) we have: 


Ta Enoa — À & x 
(12) ar) => 5(! «eta | | Zroatr”)|? 
vQa À V (exoa — À)? + A? 
where: 
(12a) rese ED dada ant) Pat) Lay (05) FE (ON 


1,1, A=Q+}4 


The spin-orbit doublet splittings can be calculated using the method of (121) and 
in particular from eqs. (8) and (14) of (11). Such calculations are in preparation. 


Several stimulating conversations with Dr. N. K. GLENDENNING are gratefully 
acknowledged. 


(?) S. G. NizssoN: Mat. Fys. Medd. Dan. Vid. Selsk., 29, no. 16 (1955). 

(9) J. SAWICKI and R. FOLK: Nucl. Phys., 11, 368 (1959); in addition to the errata to this 
paper given in (1) a factor 4 is missing in Eqs. (A-II.1) and (A-II.6) of Appendix 2. 

(11) J. SAWwICKI: Nucl. Phys., 13, 350 (1959). 
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An Estimate of the Cross Section 
for Production of Positive K-Mesons by Electrons (°). 


G. ZANMARCHI 


Istituto di Fisica dell’ Universita - Pisa 


(ricevuto il 18 Gennaio 1960) 


The purpose of this note is to discuss the possibility of using the electron beam 
of the Frascati synchrotron to study the reaction 


(1) ee er E SK 


The threshold energy for this reaction is about 910 MeV whereas the beam 
energy may reach 1050 MeV. The cross-section for electroproduction of K* may 
be related to that for photoproduction by means of a formulation of the method 
of Weizsäcker-Williams given by Darrrz and YENNIE (!) in their work on electro- 
production of pions. It must be stressed that our results are less reliable than 
those obtained by Dalitz and Yennie, since the threshold for photoproduction of 
K-mesons (about 910 MeV) is much larger than that for photoproduction of 7-mesons. 
The electron, on producing a K-meson by its virtual photon field, may undergo 
large angle scattering. (For threshold production the final electron energy is only 
140 MeV). Therefore it is not correct to treat the Fourier components of the 
electromagnetic field of the incident electron as incoherent and the virtual photons 
as transversal, as is done in the W.-W. method. Darrrz and YENNIE have shown 
that this difficulty can be overcome by taking into account the effect of longitudinal 
virtual photons. Their standard formula 


= o ILE - log 
RISATE Ì p? ~ pile =) 2p? “p—p' p 


ele Re og et al 


for the number of virtual photons may perhaps be employed also in the case of 
reaction (1). In fact, using eq. (1.5) of ref. (1) we have estimated that 53.4% of 
the virtual photons of 911 MeV energy, 52.1% of those of 920 MeV, 44.9% of those of 
971 MeV, 36.6% of those of 996.5 MeV would correspond to electrons with directions 


resented in partial fulfilment of the requirements for the degree of Dottore in Fisica (Tesina). 


(GORE 
(1) R. DaLirz and D. R. VENNIE: Phys. Rev., 105, 1598 (957); 


508 


AN ESTIMATE OF THE CROSS-SECTION FOR PRODUCTION ETC. 509 


of motion forming angles of less than 6° with the direction of the incident beam, 
whereas 65.2% of the virtual photons of 911 MeV energy, 63.9% of those of 
920 MeV, 61.4% of those of 945 MeV, 58.1% of those of 971 MeV, 51.4% of those 
of 996.5 MeV would correspond to electrons with directions of motion forming 
angles of less than 12° (energy of the beam about 1022 MeV). 

A perturbation calculation of the cross-section for photoproduction of K-mesons 
has been performed by KawaGucnI and Moravosir (2) to the first order in the 
coupling constant. A comparison of their results (for the case of heavy particles 
with no anomalous magnetic moments and assuming pseudoscalar coupling) with 
the experimental data of Donono and WALKER (3) has shown that the coupling 
constant is (G/47)? — 2.9. Using this value in the formula 


k;=1022 
7 st dk, 
Pas top, = | NE(Ps Mey) Don. or. Ur) > 
lie 
kg A 910 


for the total cross section for our reaction (1), we find 3.65 : 10-83 em? for p=1022 MeV. 


() M. KawaGucHI and M. J..Moravesitx: Phys. Itev., 107; 563 (1957). 
(3) P. L. DonoHo and R. L. WaLKER: Phys. Rev., 112, 981 (1958). 
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LIBRI RICEVUTI E RECENSIONI 


F. H. MiTCHELL — Fundamentals of 
Electronics (Addison-Wesley Pub- 
lishing Co. Inc., Reading Mass., 
USA; London, England); prezzo 
$ 6,50; II ed., Settembre 1959, 
pag. x1-+260. 


afferma l’autore 
stesso, il libro è stato concepito con una 
doppia finalità: 1) costituire le fonda- 
menta della scienza elettronica nei gio- 
quali 
queste fondamenta, vale a dire per i 
futuri specialisti; 2) tentare di dare a 
coloro che non intendono divenire degli 
elettronici, una visione generale ed una 


Secondo quanto 


vani 1 intendono costruire su 


sensibilità dei fenomeni che si svolgono 
nelle apparecchiature elettroniche che 
oggi qualsiasi fisico è costretto ad usare. 

Il libro è quindi dedicato a giovani 
studenti di « undergraduate courses ); è 
senza dubbio al di sotto del livello dei 
nostri corsi universitari del 1° biennio 
sebbene sia più specializzato, ma potrebbe 
costituire un ottimo testo per i corsi 
superiori dei nostri istituti tecnici indu- 
striali. 

Nel I e II capitolo si introducono 
le nozioni elementari riguardanti circuiti 
in corrente continua ed alternata, i com- 
ponenti e le leggi fondamentali. 

Nel cap. III si introduce in forma 
elementare la emissione termoionica e 
nei successivi capitoli IV, V, VI, l’autore 
tratta delle valvole termoioniche. 


NGI ego, SII VII tes, a 
forma del tutto convenzionale, degli 


amplificatori per onde sinusoidali: non si 
accenna agli amplificatori in 
impulsivo. 


regime 


Agli oscillatori sinusoidali è dedicato 
il cap. IX i successivi capitoli sono 
dedicati alle valvole a gas ed alle valvole 
speciali. 

Un capitolo è dedicato ai circuiti 
non lineari, quali limitatori, multivibra- 
tori, sempre visti dal punto di vista di 
segnali periodici. 

Chiude il libro un capitolo sui volt- 
metri elettronici e gli oscillografi a raggi 
catodici. 

Ciascun capitolo è corredato di nume- 
rosi esercizi da svolgere. 

I vari argomenti sono trattati con 
estrema semplicità; ogni rigore è stato 
volutamente abbandonato. Nei limiti 
indicati dall’autore possiamo concludere 
che può considerarsi un libro ben riuscito. 


BRUNELLI RISPOLI 


W. KAPLAN — Ordinary differential 
equations. Addison-Wesley Pub- 
lishing Company, Inc. Reading, 
Mass., U.S.A., 1958, pagine 534. 


Questo volume, di carattere didattico, 
è diviso in 12 Capitoli. Nei primi otto 
è esposta la teoria elementare delle equa- 
zioni differenziali ordinarie, così come si 
svolge nel nostro biennio propedeutico. 

È da rilevare la ricchezza di esempi 
e di applicazioni a problemi di mecca- 
nica e di fisica e pure notevoli sono le 
collezioni di esercizi posti alla fine di 
ogni capitolo, con indicazione delle rela- 
tive soluzioni. 

Più interessanti e di carattere più 
elevato sono il Cap. 9 dedicato alla 
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ricerca di soluzioni sotto forma di serie 
di potenze, il Cap. 10 sui metodi di 
calcolo numerico delle soluzioni, il Cap. 11 
rivolto all’analisi delle soluzioni nel 
piano delle fasi ed infine il Cap. 12 ove 
sono dati i teoremi di esistenza e di 
unicità. Anche in questi ultimi Capitoli 
tutti i concetti ed i teoremi sono ben 
illustrati da esempi, figure, esercizi di 
notevole interesse. 

In complesso il libro può essere giu- 
dicato ben riuscito e di indubbia utilità 
per gli studenti di fisica o di ingegneria. 


A. GHIZZETTI 


Manton M. Day — Normed linear 
spaces. Ergebnisse der Mathematik 
und ihrer Grenzgebiete, Heft 21. 
Springer-Verlag, Berlin-Gôttingen- 
Heidelberg, 1958, pag. 139. 


Questo libro contiene una succinta 
introduzione allo studio degli spazi lineari 
normali; vi si parla anche degli spazi 
lineari topologici, ma limitatamente a 
quanto serve per lo studio predetto. 
Tutta l'esposizione ha carattere astratto 
e non vi è alcun cenno a possibili appli- 
cazioni; il libro appare pertanto dedi- 
cato essenzialmente ai cultori ed ai ricer- 
catori di matematica pura. 

Nel Cap..I sono introdotti gli spazi 
lineari e gli spazi lineari topologici e nel 
Cap. Il gli spazi lineari normali. Seguono 
altri cinque Capitoli ove si tratta di vari 
importanti concetti relativi ai predetti 
spazi (completezza, compattezza, rifles- 
sività; convergenza assoluta, basi; in- 
siemi compatti e convessi, spazi di fun- 
zioni continue; reticoli vettoriali; geo- 
metria metrica negli spazi normali). Un 
ultimo breve Capitolo, accompagnato da 
una bibliografia, è destinato a servire di 
guida al lettore che voglia approfondire 
lo studio di certi argomenti appena 
accennati nel libro o addirittura ignorati. 
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J. BASS — Cours de Mathématiques. 
Ed. Masson et C.ie, Paris, 1956; 
pag. 916. 


Si tratta di un grosso volume ove 
sono esposti in 41 Capitoli e 2 Appendici 
tutti quegli argomenti classici di Analisi 
Matematica che, di solito, formano og- 
getto dei nostri corsi del primo biennio 
e di un successivo corso di Analisi Supe- 
riore. Il libro è scritto per coloro che si 
dedicano alle applicazioni della mate- 
matica, non per matematici puri, giacchè 
in esso tutte le nozioni sono presentate 
secondo gli schemi tradizionali, senza 
considerazione nè di questioni critiche, 
nè dei moderni astratti ed 
assiomatici. 

Ecco un succinto elenco degli argo- 
menti trattati: algebra lineare, calcolo 
differenziale ed integrale, sviluppi in 
serie, geometria differenziale delle curve 
e delle superficie, funzioni analitiche, 
equazioni differenziali ordinarie o a deri- 
vate parziali, calcolo delle variazioni, 
nomografia. Tutti questi argomenti sono 
trattati abbastanza a fondo con ric- 
chezza di esempi e di applicazioni. 


indirizzi 
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Rk. P. Boas jr. and R. CREIGHTON 
Buck — Polynomial expansions of 
analytic functions. Ergebnisse der 
Mathematik und ihrer Grenzge- 
biete, Heft 19. Springer-Verlag, 
Berlin-Géttingen-Heidelberg, 1958, 


mr 


pag. 77. 


Lo scopo di questo volumetto è di 
descrivere e di applicare un metodo 
generale per sviluppare una funzione 
analitica f(z) in serie di appropriate fun- 
zioni p,(2) (in particolare di polinomi): 


(1) Hey = > enpale) . 


Tale metodo é il seguente: assegnate 
le p,() si cerca di determinare delle fun- 
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zioni u,(w) in modo che, introdotto il 
nucleo K(z,w)= > Pn(2)Un(w), sia possi. 
bile rappresentare la f(z) con una for- 
mula del tipo 
if 
f(z) = — | Kz, w) F(w) dw, 


con F funzione opportuna (dipendente 
da f). È chiaro che, fatto ciò, i coeffi- 
cienti e, dello sviluppo (1) hanno neces- 
sariamente l’espressione 

1 Ted 

Cn = — |u,(w)F(w) dw . 
270 
2 


Osservato che questi c, sono dei fun- 


zionali L,(f) della funzione f, viene anche 
considerato il problema inverso (detto 
di interpolazione): esprimere la f per 
mezzo di uno sviluppo del tipo (1) sup- 
ponendo assegnata una successione di 
opportuni funzionali 6, = L,(f). 

Il metodo di cui sopra è analizzato 
nel Cap. I e successivamente applicato 
a molti casi particolari che riguardano 
le funzioni intere (Cap. II) e le funzioni 
regolari nell’origine (Cap. IMI). Infine 
il Cap. IV tratta di notevoli applica- 
zioni a teoremi di unicità ed equazioni 
funzionali. 

Il libro può essere utile anche nello 
studio di problemi applicativi. 
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